
���������	��

���������������������������� ����!���������"��#���$&%'���(��)�#��*+������,

-.#������($0/��1���������"��#���$2���������� ���������������������(���"$43

57698;:=<(>(>@?�>(A�B�C�>(D�8FE;G(>�H�E;>(EI698JCKA�B9<=LM?�N'E.6OB9G(>�C�>�P(<(>(Q�RSD(A(RTC�>UP�:=AML(6�>MLMV
C�>XWYGMB9G'P�8F<(>�:F?�>(D(A�:=EI6�Z(W�N�EI69:=[(D(>(Q9:=EI6�Z\>]?�<MN�^;>�8=WYQ_P�:=Ea`�8a?�A�8;8bQ�<�8JC�L'P�:JL�Q�>M`�V
EcLb>bEI6OBd`eQ98FE;Z=CYBfP�:=PMNd`(L�<(A(RTC@698F<�C�>(A\gIhjiMkOl�l�mYn_kOhohjiMkOp=h2qri�s�t E;P�:9`�ZOuF:=Q=B9A(>�8
6OB9G(>�H!P�:=AML(6�>([XW�G�:=^r?vB

X w P(<�:=EI6�<�B9A(EI6�Q9:yx�:9`�Z�z{:=[+<�BdudC�8F<(A�:=EI6�>+>M`�>_H=:�6FL!x=R>�C�8;8;6|<�BdudC�8F<(A�:=EI6�Zox�:9`�Z�z{8}8a?�>(A(>(~(R"W�P(<�8a?�EI6OB9QO`(L(8;6�EcLb8FEI698FEI6�Q98FA(A(RTC'>.A�8;:�xFH=:OV
?�>�C�RTC�s9��69: w <�8Iu;Nd`�ZJ6OBO6T?�`�>�698I`�Z�A�:=^I: >{PM`�:F?�:�6�Q9:=<(A�:=^I: <�BduJQ�>�6�>ML{:�x=�{8F[�698;:=<(>(>?�>(A�B�C�>(D�8FE;G(>�HeE;>(EI698JC�W�Q2D�B9EI6�A�:=EI6=>XW�GMB9Gb:=E;A�:=Q�R�GMBJD�8FEI6�Q98FA(A�:=[b698;:=<(>(>�?�>(�"� 8aV
<�8FA(~(>�Bd`�Z�A(R�H_N�<�B9Q�A�8FA(>([Xs���?�A�B9G�:eA�8;:�xFH=:F?�>�C�:b`�>\�;69:�W�G�:=^r?vB

X w :F?�A�:�C�8F<(A�:�8P(<�:=EI6�<�B9A(EI6�Q9:��|��:J�f8;6�x=R�6�Z(W�>eA�8;6�A�8;:�xFH�:F?�>�C�:=EI6�>eP(<(>(QO`�8FGMBO6�Z���6OB9GMN���B9<�6�>M`�V
`�8F<(>(�&�;�}�"B}P�8F<(Q�RS[4QOuJ^c`(LM?	W�E;>�6ON�B9~(>ML4:F?�A�:�C�8F<(A�:=^I:fP(<�:=EI6�<�B9A(EI6�Q=B{GMBd�f8;6�EcL|?�:OV
Q9:9`�Z�A�:|P(<�:=EI69:=[Xs

ω �c� #����Y�=/�����$2�e� ����*+�����(��

5\698;:=<(>(>{?�>(A�B�C�>(D�8FE;G(>�HoE;>(EI698JC�B9E;>�C�P�69:�6�>(D�8FE;G�:�8SP�:=Q98a?�8FA(>�8�6�<�BO8FG�69:=<(>([fHMBJV
<�B9G�698F<(>Mu;N=8;6�EcLb:�x=RSD(A�:�E"P�:�C�:=�fZ��

ω
V�P(<�8a?�8I`�Z�A(R�H.C�A�:J�f8FEI6�Q(s

� � #����Y�=/�������������:=D(GMB x′ ∈ X
A�BduJRSQ=BO8;6�EcL

ω
V��9i��a 9�¢¡�£=l�qJn@h2qJ¤Mp�qJne6�<�BO8FG�69:=<(>(>

{fn(x)}∞n=0

W98FEa`�>f?�`(Lo`���x�:=[o:=G(<�8FEI6�A�:=EI6�>
U
69:=D(G(>

x′
>&`���x�:=^I:

n′ > 0
A�B9[�?�8;6�EcL

n′′ > n′ W�?�`(L�G�:�69:=<�:=^I: fn′′

(x) ∈ U
s¥t A�BJD�8e^I:=Q9:=<=L�WYEaN��{8FEI6�QON=8;6\x�8FE;G�:=A�8FD(A�BdL

P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�Z
n1 < n2 < . . .→ +∞ 6OB9GMBdL�W�D�69:

fni(x)→ x′
s

�bA�:J�f8FEI6�Q9:{Q�EI8aH
ω
V�P(<�8a?�8I`�Z�A(R�Ho69:=D�8FGo6�<�BO8FG�69:=<(>(>XW�P(<�:FH=:F?�L��{8F[oD�8F<�8IuS69:=D(GMN

x
W�:�x�:9uJA�BJD�B9��6oD�8F<�8Iu

ω(x)
s���69:&udB�C�G(AMNM69:�8}C�A�:J�{8FEI6�Q9:�W(>48FEa`�>

X w G=:�C�P�B9G�6dW�69::=A�:f>(A(Q=B9<(>�B9A�6�A�:o>�A�8FPMN�EI69:�s(¦�Ea`�>
X
A�8�L�QO`(L(8;6�EcL�G=:�C�P�B9G�69:�C�W�69:&Q9:9udC�:J�|A�B�E;>�V

6ON�B9~(>ML�W�D�69:o?�`(L.A�8FG�:�69:=<�:=[b69:=D(G(>
x ∈ X

P(<�8a?�8I`�Z�A�:�8�C�A�:J�f8FEI6�Q9:
ω(x) = Ø

W�69:
8FEI6�ZoEj698FD�8FA(>�8JC�Q�<�8JC�8FA(>46�<�BO8FG�6�:=<(>ML.EI6�<�8JC�>�6�EcLbP�:=G(>(AMNM6�Z

X
s���B9G(>�C]:�x=<�BduF:�C�W

8FEa`�>
X w G�:�C�P�B9G�6dWd69: ω(x) w A�B9>�C�8FA(Z�z{8;8§udB�C�G(AMNM69:�8SC�A�:J�{8FEI6�Q9:�WJ`���x�BdLf:=G(<�8FEI6dVA�:=EI6�Z¨G=:�69:=<�:=^I:jEI:F?�8F<=�|>�6¨Q�EI8©69:=D(G(>{6�<�BO8FG�69:=<(>(> {fn(x)} WJA�BJD(>(A�BdL{E©A�8FG�:�69:=<�:=^I:A�:�C�8F<�B

N
WMudB9Q�>(EcL��{8F^I:&:�62Q�R�x=<�B9A(A�:=[b:=G(<�8FEI6�A�:=EI6�>Xs

�"B9>�x�:9`�8;8 P(<�:=EI69:2Q98a?�NM6&EI8;xJL�����i�ª�qJ dª�¤(�IgIp=ª��}hjiMk��ap=h2qri�ª�ª2>M`�>y«�ª�pO¡�mYs�¬j8F<(>�V
:F?�>(D�8FE;G(>�8&6�<�BO8FG�69:=<(>(>\>(^;<�B9��6�Q=Bd�|AMN��<�:9`�Z�Q4698;:=<(>(>�?�>(A�B�C�>(D�8FE;G(>�H�E;>(EI698JC�W
�;69:2:�6�A�:=E;>�6�EcLe>bG�:F?�A�:�C�8F<(A(RTC!?�>(A�B�C�>(D�8FE;G(>�C'E;>(EI698JCYB�C�s

� � #����Y�=/����������(�	:=D(GMB x0 ∈ X
A�BduJRSQ=BO8;6�EcL\����i�ª�qJ dª�¤(�IgIp=qJn\h2qJ¤Mp�qJn_����i�ª�qJ Ok

m
W

8FEa`�>
fm(x0) = x0

>
f i(x0) 6= x0

P(<(>
0 < i < m

s

®



�"Bd�&?vBdL >Mu_69:=D�8FG
xi = f i(x0) � i = 1, 2, . . . ,m − 1 � 6dB9GM�f8_L�QO`(L(8;6�EcLUP�8aV<(>�:F?�>(D�8FE;G�:=[bP�8F<(>�:;?vB
m
W(>�69:=D(G(> {x0, x1, . . . , xm−1}

:�x=<�Bdu;N���62P�8F<(>�:F?�>(D�8FE;GMN��
6�<�BO8FG�69:=<(>(�fWO>M`�>�~(>(GM`�WdP�8F<(>�:F?vB

m
sO5�Ea`(N�D�BO8

m = 1
P�8F<(>�:F?�>(D�8FE;GMBdL�6�<�BO8FG�69:=<(>ML

L�QO`(L(8;6�EcL&A�8FP�:F?�Q�>M�|A�:=[&69:=D(G�:=[&:�69:�x=<�Bd�f8FA(>ML
f
Wd�;69:"~(>(GM`|P�8F<(>�:F?vB���s�� D�8FQ�>�?�A�:�W

D�69:
ω
V�P(<�8a?�8I`�Z�A�:�8oC�A�:J�f8FEI6�Q9:4`���x�:=[yA�8FP�:;?�Q�>M�|A�:=[y69:=D(G(>

xs

EI:=EI69:=>�6 >Mu&8a?�>(A�V
EI6�Q98FA(A�:=[b69:=D(G(>X�

ω(xs) = xs

s
�}`(L]P�8F<(>�:F?�>(D�8FE;G(>�H+6�<�BO8FG�69:=<(>([

ω
V�P(<�8a?�8I`�Z�A�:�8 C�A�:J�f8FEI6�Q9:�EI:=Q�P�BJ?vBO8;6�E�EFBJV

C�:=[\6�<�BO8FG�69:=<(>�8F[Xs�5§:�:�x=�{8|8FEa`�>y?�`(L!GMB9G�:=[�V `�>�x�:e6�<�BO8FG�69:=<(>(>!8;8
ω
V�P(<�8a?�8I`�Z�A�:�8

C�A�:J�f8FEI6�Q9:�P(<�8a?�EI6OB9QO`(L(8;6]EI:�x�:=[�~(>(GM`�W�69:]�;6OB\6�<�BO8FG�69:=<(>MLUL�QO`(L(8;6�EcL `�>�x�:]P�8aV
<(>�:F?�>(D�8FE;G�:=[XW©`�>�x�: k9gIª��"��h2qJhoª�¤(�IgIp=ª ����i�ª�qJ dª�¤(�IgIp�qJn�W¥69:]8FEI6�Z]P(<(>�6FL�^;>(Q=BO8;6�ErL
P�8F<(>�:F?�>(D�8FE;G�:=[�6�<�BO8FG�69:=<(>�8F[Xs

� N��{8FEI6�Q9:=Q=B9A(>�8�P�8F<(>�:F?�>(D�8FE;G(>�Hb>eB9E;>�C�P�69:�6�>(D�8FE;G(>.P�8F<(>�:F?�>(D�8FE;G(>�H�6�<�BO8FG�69:OV
<(>([ w E;>�6ON�B9~(>ML�W�6�>(P(>(D(A�BdL]?�`(L�:F?�A�:�C�8F<(A(R�H+?�>(A�B�C�>(D�8FE;G(>�H@E;>(EI698JC�sY5 EFB�C�:�C?�8I`�8=WdGMB9G�:=Q�R!x=R!A(>fx=R¥`�>{69:=D(G(>

β1
W
. . .
W
βm

WF`�8I�oB9�f>�8�A�B�>(A�698F<(Q=Bd`�8
I
>fP�:=P�B9<(A�:

<�Bdu;`�>(D(A(R�8=Wv8FEa`�>�P�:9`�:J�|>�6�Z
f(βi) = βi+1

?�`(L
i = 1, 2, ...,m − 1 > f(βm) = β1

W
B_udBO698JCP(<�:;?�:9`(�|>�6=Z

f(x)
A�B+>(A�698F<(Q=Bd`

I
P(<�:=>MuJQ9:9`�Z�A(RTC :�x=<�BduF:�C�WY`�>(zfZ+x=R

�jN�A(G(~(>ML
f(x)

x=R¥`�B2A�8FP(<�8F<(RSQ�A�:=[XW�69:�:�69:�x=<�Bd�f8FA(>�8
x→ f(x)

x9NJ?�8;6�>�C�8;6�Z|P�8aV
<(>�:F?�>(D�8FE;GMN�� 6�<�BO8FG�6�:=<(>(� P�8F<(>�:;?vB

m
WY�;69: {β1, β2, . . . , βm}

s�¦�Ea`�> G'69:�C�N��f8

f(x)
Q�R�x=<�BO6�Z�^c`�BJ?�G=:=[XW�69:�Q2:=G(<�8FEI6�A�:=EI6�>.GMBd�&?�:=[e>Mu�69:=D�8FG

βi

E;P(<�B9Q98a?�`�>(Q9:�EI:OV
:�6�A�:=z{8FA(>�8=�

|f(x)− βi+1| = |f(x)− f(βi)| ≈ |f ′(βi)| · |x− βi|,
>XW�Ea`�8a?�:=Q=BO698I`�Z�A�:�W

|fm(x)− βi| ≈ |fm(βi)− βi + [f
m(βi)]

′(βi − x)| = |
m∏

j=1

f ′(βj)| · |x− βi|.

��B9G(>�C :�x=<�BduF:�C�W�8FEa`�> |∏m
j=1 f

′(βj)| < 1
>+6�:=D(G�B

x0
?�:=EI6OBO69:=D(A�:�x9`�>MuJGMBeG!:F?(V

A�:=[�>Mu&69:=D�8FGy~(>(GM`�B�W�69: 6�<�BO8FG�69:=<(>ML {fn(x0)}
P(<(>�x9`�>M�oBO8;6�EcL�G�~(>(GM`(N

ω(x0) =
{β1, β2, . . . , βm}

s
��:J�f8;6b`�>

ω
V�P(<�8a?�8I`�Z�A�:�8�C�A�:J�{8FEI6�Q9:�EI:=EI69:JL(6�Z.>Mu�G�:=A�8FD(A�:=^I:.D(>(Ea`�B�69:=D�8FG+>

A�8Tx=R�6�Z�~(>(GM`�:�C©�j�"B9P(<(>�C�8F<XW=EI:=EI69:FL(6�Z�>Mu�?�QON�H|~(>(GM`�:=Q��	�j:=^r?vB P(<�:=EI6�<�B9A(EI6�Q9:
X`�:=GMBd`�Z�A�:|G�:�C�P�B9G�6�A�:�W�E;P(<�B9Q98a?�`�>(Q2Ea`�8a?�N��¨�f>([�:�x=�f>([b�}B9G�6Js


¥����#����"	s�¦�Ea`�>
ω
V�P(<�8a?�8I`�Z�A�:�82C�A�:F�f8FEI6�Q9:bEI:=EI69:=>�6�>Mu2G�:=A�8FD(A�:=^I:�D(>(Ea`�B�69:=D�8FGXW

69:|�;6�>�69:=D(G(>.:�x=<�Bdu;N���6|~(>(GM`�s

��69:"NM6�Q98F<=�&?�8FA(>�8�L�QO`(L(8;6�EcL&Ea`�8a?�EI6�Q�>�8JCyE;Q9:=[(EI6�Q=Bfl��Ig���ª��}k���}qdgIhoª�W9G�:�69:=<�:=[
:�x9`�BJ?vBO8;6"?�>(A�B�C�>(D�8FE;GMBdL4E;>(EI698JCYB}A�B�GMBd�&?�:�C

ω
V�P(<�8a?�8I`�Z�A�:�C+C�A�:J�f8FEI6�Q98=�=8FEa`�>

F

�



w ω
V�P(<�8a?�8I`�Z�A�:�8_C�A�:J�f8FEI6�Q9:�W¥69:!?�`(LU`���x�:=^I:�8F^I:]EI:�x=EI6�Q98FA(A�:=^I:�P�:F?vC�A�:J�f8FEI6�Q=B

V ⊂ F � V 6= F � W�:�6�G(<(R�69:=^I:\:�6�A�:=E;>�698I`�Z�A�: F
W�:�x=<�Bdu

f(V )
A�8 L�QO`(L(8;6�EcL@EI:�xOV

EI6�Q98FA(A(RTC P�:F?vC�A�:J�f8FEI6�Q9:�C
V � D�8F<�6dB�E;Q98F<�HMN=W	GMB9G\:�x=RSD(A�:�W	:9uJA�BJD�BO8;6.:=P�8F<�B9~(>(�udB�C�RSGMB9A(>MLeC�A�:J�{8FEI6�Q=B � s�"B9G�>Mu �;69:=^I:�NM6�Q98F<=�&?�8FA(>ML�Q�R�698FG�BO8;6{NM6�Q98F<=�&?�8FA(>�8=WMP(<(>(Q98a?�8FA(A�:�8jQ�RSz{8d�"¦�E�V

`�>
F
EI:=EI69:=>�6f>MujG�:=A�8FD(A�:=^I:fD(>(Ea`�B}69:=D�8FG�>

G w ~(>(GM` Q F W�A�8jEI:=Q�P�BJ?vB9�¨�f>([�E F W69:
G w >(A(Q=B9<(>�B9A�6�A�:�8"C�A�:J�f8FEI6�Q9:�W�:;?�A�:=Q�<�8JC�8FA(A�:f>oudB�C�G(AMNM69:�8=W�> � :�6�A�:=E;>�698I`�Z�A�:

F � :�6�G(<(R�6�:�8=W�69:}8FEI6�Z f(G) ⊂ F
W�D�69:�A�8FQ9:9udC�:J�|A�:�s��"B9P�:�C�A(>�C�W9D�69:�^;>M`�Z9x�8F<�69:=Q9:

P(<�:=EI6�<�B9A(EI6�Q9:2`�:=GMBd`�Z�A�:�G�:�C�P�B9G�6�A�:�W(8FEa`�>b>�69:9`�Z�G�:|8FEa`�> :=A�:|G�:=A�8FD(A�:�C�8F<(A�:�s
¦�Ea`�>

ω
V�P(<�8a?�8I`�Z�A�:�8}C�A�:F�f8FEI6�Q9:2>�C�8;8;6oC�:=�fA�:=EI6�Z&G�:=A�6�>(AMN�N(CYB�W�69:o:=A�:2C�:J�f8;6

EI:F?�8F<=�oBO6�Z�>M`�>|A�8�EI:;?�8F<=�oBO6�Z�~(>(GM`�R"sM¬ <�:=EI69:=[2P(<(>�C�8F<&?�>(A�B�C�>(D�8FE;G�:=[2E;>(EI698JC�R"W
?�`(L.G�:�69:=<�:=[

ω
V�P(<�8a?�8I`�Z�A(R�8�C�A�:J�f8FEI6�Q=Bo>�C�8F��6�C�:=�fA�:=EI6�Z2G=:=A�6�>(AMN�N(CYB�W�H�:=<�:=z{:

>MuJQ98FEI698FAXs���69: w P�:=Q9:=<�:�6�:=G(<MN��|A�:=EI6�> S1 A�BeA�8FG=:�69:=<(RS[!N�^I:9` µ
s�¬jN=EI6�Z�A�B

S1

udBJ?vB9A�BeP�B9<�B�C�8;6�<(>MudB9~(>ML!6OB9GMBdL�W�D�69:�Q�EI8|6�:=D(G(>
S1 EI:�:�6�Q98;6�EI6�QON���6 ϕ ∈ [0, 1) >69:=D(G(>

ϕ = 0
>
ϕ = 1

:�6�:F�&?�8FEI6�QO`(L���6=EcL�s�¦�Ea`�>
µ w >(<(<�B9~(>�:=A�Bd`�Z�A�:�82D(>(Ea`�:�Wv69:P�:=Q9:=<�:�6

ϕ→ ϕ+ µ
P�:=<�:F�&?vBO8;6|6�<�BO8FG�69:=<(>(>

{ϕ+ nµ(mod 1)}∞n=0,
G�:�69:=<(R�8eP(<(>�`���x�:�C

ϕ ∈ S1 L�QO`(L���6�EcL'P�:=D�6�> P�8F<(>�:;?�>(D�8FE;G(>�C�>'>'PM`�:�6�A(R A�B

S1 WY6OB9G�D�69: ω(ϕ) = S1 s � N��{8FEI6�Q9:=Q=B9A(>�8e6OB9G(>�H 6�<�BO8FG�69:=<(>([ � GMB9G >�P�8F<(>�:;?�>�VD�8FE;G(>�H_P(<(>\<�B9~(>�:=A�Bd`�Z�A�:�C
µ � E;QOL�udB9A�:�E2Q9:9udC�:J�|A�:=EI6�Z��7Q9:9uJQ�<�B9�{8FA(>MLy69:=D�8FG\QA�BJD�Bd`�Z�A�:�8�P�:9`�:J�f8FA(>�8�>M`�>\x9`�>MuJG�:�8|G+A�8JC�N=W�G=:�69:=<MN�� :�x�8FE;P�8FD(>(Q=BO8;6�69:=P�:9`�:=^;>ML

S1 s

� kO OkO¤�k���s(¬j:=GMBd�|>�698=WMD�69:&8FEa`�>
µ w <�B9~(>�:=A�Bd`�Z�A�:�8"D(>(Ea`�:�W�69:&:�69:�x=<�Bd�f8FA(>�8"P�:=Q9:OV<�:�6OB":=G(<MN��|A�:=EI6�>

S1 A�BjN�^I:9` µ P�:=<�:J�&?vBO8;6�P�8F<(>�:F?�>(D�8FE;G(>�8T6�<�BO8FG�69:=<(>(>Xs �"B9G(>�8d��"B9G�:=Qo>�H.P�8F<(>�:;?��
5§8F<(A�8JC�EcL+G!<�B9E;EFC�:�6�<�8FA(>(� :�69:�x=<�Bd�f8FA(>([]A�Be>(A�698F<(Q=Bd`�8

I ⊂ R
s �}`(L+6OB9G�:=[

?�>(A�B�C�>(D�8FE;G�:=[+E;>(EI698JC�R Q9:9udC�:J�|A�:=EI6�>!Q9:9uJQ�<�B9�{8FA(>ML�W�G�:�69:=<MN��7?vBO8;6.69:=P�:9`�:=^;>ML
EFB�C�:=^I:4P(<�:=EI6�<�B9A(EI6�Q=B�WXA�8;6Js�¬j:��;69:�C�N�G=:=^r?vB�:�69:�x=<�Bd�{8FA(>�8

f : I → I
WvGMB9Gy>�P�:OV

Q9:=<�:�6
S1 W�:�x=<�BO6�>�C�:�8 � >�C�R >�C�8;8JC_^;<MN�P(PMN2:�69:�x=<�Bd�f8FA(>([XWMB}A�8¨P�:9`(N�^;<MN�P(PMN � W�?�>�VA�B�C�>(D�8FE;GMBdLeE;>(EI698JCYB2A�B|>(A�698F<(Q=Bd`�8

I
N�EI6�<�:�8FA�B|EI:=Q�EI8JC'P(<�:=EI69:�s ��8F[(EI6�Q�>�698I`�Z�A�:�W

Q}�;69:�C_Ea`(N�D�BO8
f w C�:=A�:�69:=A(A�BdL��jN�A(G(~(>ML�W�>o`�>�x�:{EFB�CYB f W9`�>�x�:{Q969:=<�BdL�>�698F<�B9~(>ML

f 2 C�:=A�:�69:=A(A�:{Q9:9uJ<�B9EI6OBO8;6 � 6dB9G(>�C\:�x=<�BduF:�C�W�Q969:=<�BdL|E;>�6ON�B9~(>ML�E;QOL�udB9A�BjETP�8F<(Q9:=[ � s¦�Ea`�>\�¨N�A(G(~(>ML
f w C�:=A�:�69:=A(A�:.Q9:9uJ<�B9EI6OB9�¨�&BdL�W�69:b8FEI6�ZbP(<(> x′ > x′′

Q�RSP�:9`�V
AML(8;6�EcL�A�8F<�B9Q98FA(EI6�Q9:

f(x′) > f(x′′)
W�69:2Q�EI8">�698F<�B9~(>(>�:�69:�x=<�Bd�f8FA(>ML

f
:�x9`�BJ?vB9��6

�;6�>�CE;Q9:=[(EI6�Q9:�C��
fm(x′) > fm(x′′)

P(<(>'`���x�:�C
m ≥ 0

s �"Bd�&?vBdL�6�<�BO8FG�69:=<(>ML
{x0, x1, . . . , xm, . . .}

W�^r?�8
xm+1 = f(xm)

W�C�:=A�:�69:=A(A�B�W�69:�8FEI6�Z.8FEa`�>
x0 > x1

W�69:

�
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y y

������� ®��
	�� ���� ������� ��� ����� ����� � ������ ����� ������������� � ����� �"! ��#%$ �'&(�*)+��,���� ��- . �"!/, � � ��� ���(�
x∗

(a)
�'� �

x∗ (b)

x0 > x1 > x2 > ... > xm > ...
W�Bo8FEa`�>

x0 < x1
W(69:

x0 < x1 < x2 < ... < xm < ...
s

0§:9`�8;8269:=^I:�W�6�<�BO8FG�69:=<(>ML]ErH�:F?�>�6�EcL+G\:;?�A�:=[+>Mu4A�8FP�:F?�Q�>M�|A(R�H+69:=D�8FG\:�69:�x=<�Bd�f8aV
A(>ML

f
>M`�>fEI:=Q�P�BJ?vBO8;6¨E�A�8F[XsJ��B9G(>�C.:�x=<�BduF:�C�WI?�`(L{69:=^I:�WdD�69:�x=R!:=P(>(EFBO6�Z¨P�:=Q98a?�8FA(>�8

P(<�:=>MuJQ9:9`�Z�A�:=[y6�<�BO8FG�69:=<(>�>XW�Q �;69:�C1Ea`(N�D�BO8{?�:=EI6OBO69:=D(A�:buJA�BO6�ZbC�A�:J�{8FEI6�Q9:.A�8FP�:OV
?�Q�>M�|A(R�H.69:=D�8FG

Fix (f) = {x ∈ I : f(x) = x}
>XW;G(<�:�C�8Y69:=^I:�WIuJA�B9G"<�BduJA�:=EI6�>

sign[f(x)−x] A�BSGMBd�&?�:�Cb>(A�698F<(Q=Bd`�8=Wa?�:=P�:9`�A(>�698I`�ZdVA�:�C�G
Fix (f)

sX¦�1a`�>�A�BJD�Bd`�Z�A�BdLy69:=D(G�B
x0 ∈ (x∗, x∗)

WvP(<(>(D�8JC
x∗
>
x∗
L�QO`(L���6�EcL

A�8FP�:F?�Q�>M�|A(RTC�>@69:=D(GMB�C�> � x∗, x∗ ∈ Fix (f) � WY>@>(A�698F<(Q=Bd`�A�8bEI:F?�8F<=�|>�6y?�<MN�^;>�HA�8FP�:F?�Q�>M�|A(R�H�69:=D�8FGXWM69:o8FEI6�Z
(x∗, x∗) ⊂ I\Fix (f) W�69: ω V�P(<�8a?�8I`�Z�A�:�8}C�A�:F�f8FEI6�Q9:6�<�BO8FG�69:=<(>(>XW�P(<�:FH�:;?�L��f8F[.D�8F<�8Iu{69:=D(GMN

x0
W�EI:=EI69:=>�64>Muf:;?�A�:=[e69:=D(G(>XW��;69:

x∗
>M`�>

x∗ � EFC�s32�>(E�s � � s�¦�Ea`�> sign(f(x0)− x0) = −1
W�69:

fn(x0)→ x∗
P(<(>

n→∞ s�¦�Ea`�>

sign(f(x0)− x0) = +1
W(69:

fn(x0)→ x∗
P(<(>

n→∞ s5 69:�C Ea`(N�D�BO8=W¥G�:=^ ?vB
f w C�:=A�:�69:=A(A�:�NMx=RSQ=B9�¨�&BdL �jN�A(G(~(>ML�W�GMBd�&?vBdL 6�<�BJV8FG�69:=<(>MLU<�B9E;P�BJ?vBO8;6�EcL A�B�?�Q98�C�:=A�:�69:=A(A(R�8yP�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�>

x0, x2, x4, ...
>

x1, x3, x5, ...
W�:;?�A�By>Mu.G�:�69:=<(R�H@Q9:9uJ<�B9EI6dBO8;6dW�?�<MN�^aBdL]NMx=R�Q=BO8;6 � EFC�s42�>(E�s45 � s �}`(L:=P(>(EFB9A(>ML ?�>(A�B�C�>(D�8FE;G�:=[bE;>(EI698JC�RU?�:=EI6OBO69:=D(A�:2uJA�BO6�Z

Fix (f 2)
s

6����"���	/������������������.��#�������(��#����

�}`(L@69:=^I:�W©D�69:�x=R ?�>(A�B�C�>(D�8FE;G�BdL E;>(EI698JCYByx=R¥`�ByN�EI6�<�:�8FA�B_Ea`�:J�|A�8;8=WYA�8;:�xFH=:OV
?�>�C�:�WvD�69:�x=R :=A�B4A�8fx=R¥`�B4^;<MN�P(P�:=[�:�69:�x=<�Bd�f8FA(>([XWv69:�8FEI6�Z4D�69:�x=R :�69:�x=<�Bd�f8FA(>�8

f : I → I
x=R¥`�:yA�8JC�:=A�:�69:=A(A(RTC�sY5�Ea`�8a?�EI6�Q�>�84A�8JC�:=A�:�69:=A(A�:=EI6�>

f
C�:J�|A�:y:=EaN�V

�{8FEI6�Q�>�6�Z Q9:9uJQ�<�B9�{8FA(>�8_A�8FG�:�69:=<(R�H 69:=D�8FG
x ∈ I

Q'A�BJD�Bd`�Z�A�:�8+P�:9`�:F�f8FA(>�8!>XW
Ea`�8a?�:=Q=BO698I`�Z�A�:�WMP�:9`(N�D(>�6�Z2P�8F<(>�:F?�>(D�8FE;G(>�8j69:=D(G(>XW(P(<(>(D�8JC]E�`���x=RTC�P�8F<(>�:F?�:�C�W�B
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������� �'� 	�� ���� � ����� ��� ����� ����� � - � ��) #%$ �����*) ��� ,���� ��- . �"!/, � � ��� �����
x∗ (a)

� ��� � � ��- ��������� � �
��� � � ��- � � {β1, β2} (b)

A�8}69:9`�Z�G�:�E"P�8F<(>�:F?vB�C�> �}>M`�> 5MW(GMB9GbQ2Ea`(N�D�BO8�C�:=A�:�69:=A(A�:=^I:|:�69:�x=<�Bd�f8FA(>ML
f
s

5U698;:=<(>(> ?�>(A�B�C�>(D�8FE;G(>�H.E;>(EI698JC � Q|D�B9EI6�A�:=EI6�>XW�Q|GMBJD�8FEI6�Q98FA(A�:=[�698;:=<(>(>�?�>(�¨V� 8F<�8FA(~(>�Bd`�Z�A(R�H�N�<�B9Q�A�8FA(>([ � P(<(>MuJA�B9G�:�CEa`�:J�|A�:=EI6�>1E;>(EI698JC�R0C�:=^aNM6]Ea`(N��|>�6�Z
6OB9GeA�BduJRSQ=BO8JC�R�8�^I:�C�:=GM`�>(A(>(D�8FE;G(>�8�6�<�BO8FG�69:=<(>(>�W�Q�P�8F<(Q�R�8�:�x=A�B9<MN��f8FA(A(R�8��jA(<(>
¬¨N�B9A(GMB9<�8}Q&udBJ?vBJD�BJHbA�8;x�8FE;A�:=[bC�8aHMB9A(>(G(>Xs

� � #����Y�=/�������������q �}qJpO¡�ª�l�ª�¤��IgIp�k�� hjiMk��ap=h2qri�ª�� w �;69: 6�<�BO8FG�69:=<(>ML�W�G�:�69:=<�BdLoP(<(>Q9:9uJ<�B9EI6OB9A(>(>�>�P(<(>yNMx=RSQ=B9A(>(>�Q�<�8JC�8FA(>�EI6�<�8JC�>�6�ErL\Gy:;?�A�:=[_>y69:=[y�{8|P�8F<(>�:;?�>�V
D�8FE;G�:=[�6�<�BO8FG�69:=<(>(>Xs

� N��{8FEI6�Q9:=Q=B9A(>�8�^I:�C�:=GM`�>(A(>(D�8FE;G�:=[_6�<�BO8FG�6�:=<(>(>XW	GMB9G+P(<�B9Q�>M`�:�W�QO`�8FD�8;6budBbEI:OV
x�:=[1EaN��{8FEI6�Q9:=Q=B9A(>�8�Q!`���x�:=[18;8y:=G(<�8FEI6�A�:=EI6�> E;D�8;6�A�:=^I:@D(>(Ea`�B�P�8F<(>�:;?�>(D�8FE;G(>�H
6�<�BO8FG�69:=<(>([XW�P(<(>(D�8JC E;G�:9`�Z.N�^I:;?�A�:�x�:9`�Z�z{:=^I:�P�8F<(>�:F?vB�W�B.6OB9GM�f8 6�<�BO8FG�69:=<(>([�E
�aG(Q=BduJ>(Ea`(N�D�B9[(A(RTCT� P�:=Q98a?�8FA(>�8JC�s	��B9GMBdL]Ea`�:J�|A�BdL\?�>(A�B�C�>(GMB.:�x
	XL�E;AML(8;6�EcL\698JC�W
D�69:�>Mu4:=G(<�8FEI6�A�:=EI6�>]GMBd�&?�:=[!69:=D(G(>]~(>(GM`�B�W�G=:�69:=<(RS[ �aP(<(>�6;L�^;>(Q=BO8;6���^I:�C�:=GM`�>�V
A(>(D�8FE;GMN�� 6=<�BO8FG�69:=<(>(�{W�C�:J�|A�:\N�H�:F?�>�6�Z+>'Q9:9uJQ�<�B9�&BO6�Z�EcL�N��f8�?�QON(C�L PMNM6;L�C�>X�
Qd?�:9`�Z2~(>(GM`�B2>bQd?�:9`�Z2^I:�C�:=GM`�>(A(>(D�8FE;G�:=[�6�<�BO8FG�69:=<(>(>Xs

�{>(�"� 8F<�8FA(~(>�Bd`�Z�A(R�8�N�<�B9Q�A�8FA(>MLoC�:=^aNM6 >�C�8;6�Z ^I:�C�:=GM`�>(A(>(D�8FE;G(>�8¥6�<�BO8FG�69:=<(>(>XW
A�BJD(>(A�BdLbE"E;>(EI698JC]<�BdudC�8F<(A�:=EI6�> 6�<(>XW(8FEa`�> A�8 N�D(>�6�RSQ=BO6�Z|>(E;GM`��¨D(>�698I`�Z�A(RS[.Ea`(N�V
D�B9[XW�Q9:9udC�:J�|A(RS[�A�B+PM`�:=E;G�:=EI6�>XW�G=:=^r?vB+EI8FP�B9<�BO6�<(>(EFB�W§Q�R�H�:F?�L��&BdL�>MuyEI8a?�`�:=Q9:=[
A�8FP�:F?�Q�>M�|A�:=[�69:=D(G(>XWv>�EI8FP�B9<�BO6�<(>(EFB�W�QdH=:F?�L��&BdLeQ�69:��{8&EI8a?�`�:�W�:�x=<�Bdu;N���6�:;?�AMN
6�<�BO8FG�69:=<(>(�fs=��:=^aNM6T`�>{EaN��f8FEI6�Q9:=Q=BO6�Z�^I:�C�:=GM`�>(A(>(D�8FE;G(>�8§6�<�BO8FG�69:=<(>�>�N}:F?�A�:�C�8F<�V
A(R�He?�>(A�B�C�>(D�8FE;G(>�H_E;>(EI698JC©�|5�Ea`(N�D�BO8=W�G�:�69:=<(RS[\A�B9E&>(A�698F<�8FEaN=8;6JWv?vB9A(A�:�8oQ�RSz{8
:=P(<�8a?�8I`�8FA(>�8T^I:�C�:=GM`�>(A(>(D�8FE;G(>�Ho6�<�BO8FG�69:=<(>([�A�8T^I:F?�>�6�EcL�W96OB9G|G�B9G2>(E;P�:9`�ZOu;N=8;6}P�:OV
Q98a?�8FA(>�8�6�<�BO8FG�69:=<(>(>yP(<(>bNMx=RSQ=B9A(>(>eQ�<�8JC�8FA(>XW�B�C�R >�C�8;8JC!?�8I`�:4E�P�:9`(N�^;<MN�P(P�:=[

�
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������� �"��	�� ���� �������  � �'� ��,������������'& ����� ��� ����� ������� � � ���'� ��� . ��#%$ ����� )�� � ��� � � ��- ��������� � � ��� ���
�(�

x0

��� � � ��- �j®
(a)

� � ������ ����� ����������� � � ����� �"! ��# $ ����� ) � ,���� ��- . �"!/, � � ��� ���(�
x∗ (b)

:�69:�x=<�Bd�f8FA(>([XW�>'Q�<�8JC�L�WYQ9:�:�x=�{8.^I:=Q9:=<=L�W�A�8;:�x=<�BO6�>�C�:�s¥��?�A�B_>Mu�Q9:9udC�:F�|A�:=EI698F[
EI:FH(<�B9A(>�6�Z��;69:4P�:=AML(6�>�8�?�`(L�P�:9`(N�^;<MN�P(P(R :�69:�x=<�Bd�f8FA(>([ w <�B9E;EFCYBO6�<(>(Q=BO6�Z��c?�QON�VEI69:=<�:=A(A(>�8�� 6�<�BO8FG�69:=<(>(> {xi}+∞

i=−∞
W�^ ?�8

xi+1 = f(xi)
W98FEa`�>&�;69:}Q9:9udC�:J�|A�:}>oA�8;:�xOV

H�:F?�>�C�:�s��;�j6�<(>(~�BO698I`�Z�A(R�H�� P�:9`(NM6�<�BO8FG�69:=<(>([ {xi}−∞
i=−1

?�`(L\69:=D(G(>
x0
W�G�:=A�8FD(A�:�W

C�:J�f8;6oEaN��{8FEI6�Q9:=Q=BO6�ZoC�A�:=^I:�W�8FEa`�>
f−1 A�8jL�QO`(L(8;6�EcL4:F?�A�:9uJA�BJD(A�:=[ �jN�A(G(~(>�8F[Xs��j:

C�:J�f8;6 Ea`(N�D(>�6�Z�EcL�WdD�69:">fA�8;6 A(>{:F?�A�:=[XWd8FEa`�>XWdA�B9P(<(>�C�8F<XW
f(I) 6= I

s �'6�<�BO8FG�69:=<(>(>
{xi}+∞

i=−∞
N��f8bC�:J�|A�:�P(<(>�C�8FAML(6�Zy:=P(<�8a?�8I`�8FA(>�8 ^I:�C�:=GM`�>(A(>(D�8FE;G=:=[!6�<�BO8FG�69:=<(>(>XW

?vB9A(A�:�8�Q�RSz{8=s
	}8F^;G�:oQ�>�?�8;6�Z(W(D�69:2EaN��{8FEI6�Q9:=Q=B9A(>�8"^I:�C�:=GM`�>(A(>(D�8FE;G(>�H 6�<�BO8FG�69:=<(>([�N2?�>(A�B�C�>�V

D�8FE;G(>�HbE;>(EI698JC w E;>�6ON�B9~(>ML�WM?vBd`�8FG�:|A�8�>(E;GM`��¨D(>�698I`�Z�A�BdL�s ��8F[(EI6�Q�>�698I`�Z�A�:�W�PMN�EI6�Z
x−1, x−2, . . . w

P(<�:=>MuJQ9:9`�Z�A�BdL4P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�Z�69:=D�8FG4>Mu >(A�698F<(Q=Bd`�B
I
W�ErH�:;?�LMV

�&BdL�EcLbGb69:=D(G�8
x0
s�¬¨N�EI6�Z(WM?�`(LeP(<�:=EI69:�6�R"W

x−1 > x−2 > . . . � 2�>(E�s�
 a � s�¬j:9`�:J�|>�C
f(x0) = x0

>
f(xi) = xi+1

P(<(>
i = −1,−2, . . . s��N�A(G(~(>ML f(x)

A�8FP(<�8F<(RSQ�A�B A�B
C�A�:J�f8FEI6�Q98 {xi}−∞

i=0

>o8;8TQ�EI8F^r?vB"C�:J�|A�:�P(<�:F?�:9`(�|>�6=Z{A�B Q98FE;Z">(A�698F<(Q=Bd`
I
ESEI:FH(<�BJV

A�8FA(>�8JC@A�8FP(<�8F<(RSQ�A�:=EI6�>Xs �}`(Lb6OB9G.P�:=EI6�<�:�8FA(A�:=^I:2:�69:�x=<�Bd�f8FA(>ML
x→ f(x)

6�<�BO8FG�V
69:=<(>ML

x−3, x−2, x−1, x0, x0, x0, . . . w
^I:�C�:=GM`�>(A(>(D�8FE;G�BdL+>\ErH�:F?�>�6�EcL+G\A�8FP�:F?�Q�>M�&V

A�:=[�69:=D(G�8
x0
sX5U?vB9A(A�:�CUEa`(N�D�BO8&^I:�C�:=GM`�>(A(>(D�8FE;GMBdL�6�<�BO8FG�69:=<(>ML��aP(<(>(GM`�8F>M`�B9E;Z��

G!P�8F<(>�:F?�>(D�8FE;G�:=[+6�:=D(G=8
x0
W�~(>(GM`(N!P�8F<(>�:F?vB ��s�t"C�8FA(A�:e6OB9G�:=[]Ea`(N�D�B9[+6�>(P(>(D�8FA

?�`(Ly:F?�A�:�C�8F<(A(R�H�:�69:�x=<�Bd�f8FA(>([XW�H�:�6FL_C�:=^aNM6 EaN��{8FEI6�Q9:=Q=BO6�Z4>y^I:�C�:=GM`�>(A(>(D�8FE;G(>�8
6�<�BO8FG�69:=<(>(>XW�A�84�aP(<(>(GM`�8F>(Q=B9�¨�f>�8FEcL	�yGbP�8F<(>�:F?�>(D�8FE;G(>�C � 2�>(E�s�
 b � s¬j:��;6�:�C	N�Q9:=P(<�:=E�W�P(<�:=EI6�R `�> :;?�A�:�C�8F<(A(R�8]E;>(EI698JC�R"W¨E;G=:=<�8;8!Ea`�8a?�:=Q=Bd`�:�x=R
� :=<�C�Nd`�>(<�:=Q=BO6�Z�6OB9GX��A�B9E;G�:9`�Z�G�:yEa`�:J�|A(RTC�>]C�:=^aNM6ex=R�6�Z�:F?�A�:�C�8F<(A(R�82?�>(A�B�C�>�V

�



D�8FE;G(>�8jE;>(EI698JC�R�� 2�8Iu;NJ`�ZJ6OBO6�R"WMG�:�69:=<(R�8 P�:9`(N�D�8FA(R"WMA�BJD(>(A�BdL4E����JV H�^I:F?�:=Q���� Q(s W
P�:=GMBduJRSQ=B9��6JW�D�69:|:;?�A�:�C�8F<(A(R�8j?�>(A�B�C�>(D�8FE;G(>�8�E;>(EI698JC�R Q&:=P(<�8a?�8I`�8FA(A�:�C�EFC�RSEa`�8
C�:=^aNM6�x=R�6�Z{6OB9G(>�C�>|�f8jEa`�:J�|A(RTC�>XWMGMB9G�>o?�>(A�B�C�>(D�8FE;G(>�8jE;>(EI698JC�R�Q{P(<�:=>MuJQ9:9`�ZdV
A(R�H�`�:=G�Bd`�Z�A�:�G�:�C�P�B9G�6�A(R�H.P(<�:=EI6�<�B9A(EI6�Q=BJHXs

� /���*]������������� ����+���������"��#���$&%]�������� �����������	% �������(���

5§8F<(A�8JC�EcL{G{<�B9E;EFC�:�6�<�8FA(>(�]?�>(A�B�C�>(D�8FE;G�:=[fE;>(EI698JC�R"WF�FQ9:9`��¨~(>ML&G�:�69:=<�:=[{:=P(<�8aV
?�8I`(L(8;6�EcL `�:=^;>(EI6�>(D�8FE;G(>�C@:�69:�x=<�Bd�{8FA(>�8JC

xn+1 = f(xn), f(x) = λx(1− x). � � �
• ¬ <(>�`���x�:�C λ < λ∗(≈ 3.57) ?�>(A�B�C�>(D�8FE;GMBdLfE;>(EI698JCYB�WJudBJ?vB9Q=BO8JCYBdL�:�69:�x=<�Bd�f8FA(>�V8JC � � � WON�EI6�<�:�8FA�B A�B I = [0, 1] ?�:=EI6OBO69:=D(A�:{P(<�:=EI69:���GMBd�&?vBdL26�<�BO8FG�69:=<(>ML2L�QO`(L(8;6�EcLB9E;>�C�P�69:�6�>(D�8FE;G(>2P�8F<(>�:F?�>(D�8FE;G�:=[Xs �"B9G�:=Q9: x=R�A(>ox=R¥`�:

λ
W9EaN��{8FEI6�QON=8;6 8a?�>(A(EI6�Q98FA�V

A(RS[fP(<(>�6FL�^;>(Q=B9�¨�f>([&~(>(GM`2P�8F<(>�:F?vB
2m � m udB9Q�>(E;>�6¨:�6

λ � WOG�:�69:=<(RS[&P(<(>�6FL�^;>(Q=BO8;6Q�EI8 69:=D(G(>b>Mu
I
udBf>(E;GM`��¨D�8FA(>�8JC�E;D�8;6�A�:=^I:2D(>(Ea`�B{69:=D�8FGXW��aP(<(>(GM`�8F>(Q=B9�¨�f>�H�EcL	�yG

:�696OBd`�G(>(Q=B9�¨�f>�C ~(>(GM`�B�C'P�8F<(>�:F?�:=Q
2i W i = 0, 1, . . . ,m− 1 s�j6�:�x9NF?�8;6¨P(<(>

λ ≥ λ∗
� �{>(A�B�C�>(D�8FE;GMBdL�E;>(EI698JCYB¥N�EI6�<�:�8FA�BTQT�;69:�CbEa`(N�D�BO8§x�:9`�8;8

Ea`�:J�|A�:�s�5�D�B9EI6�A�:=EI6�>XW�P(<(>�`���x�:�C
λ ≥ λ∗

EaN��{8FEI6�QON���6 6�<�BO8FG�69:=<(>(>XW�A�8oP(<(>�6FLMV
^;>(Q=B9�¨�f>�8FEcL2G|~(>(GM`�B�C�W=>XW�Ea`�8a?�:=Q=BO698I`�Z�A�:�Wd?�`(L|6OB9G(>�H26=<�BO8FG�69:=<(>([

ω
V�P(<�8a?�8I`�Z�A�:�8

C�A�:J�f8FEI6�Q9:2x�8FE;G�:=A�8FD(A�:�s
�j8}:=EI6OB9A�B9QO`�>(Q=BdL�E;ZoA�B|B9A�Bd`�>MuF8}Q�EI8aHbQ9:9udC�:F�|A(R�H.E;>�6ON�B9~(>([XW�<�B9E;EFC�:�6�<(>�C]?�>�V

A�B�C�>(D�8FE;GMN�� E;>(EI698JC�N�P(<(>.A�8FE;G=:9`�Z�G(>�H uJA�BJD�8FA(>MLMHbP�B9<�B�C�8;6�<�B��

λ = λ∗(≈ 3.57), 3.83, 4, λ > 4.

• ¬ <(> λ = λ∗
:�69:�x=<�Bd�{8FA(>�8 � � � N��f8¥>�C�8;8;6�~(>(GM`�R]P�8F<(>�:F?�:=Q 2i, i = 0, 1, . . .

WJ>�Q�EI8
:=A(>y:�696OBd`�G(>(Q=B9�¨�f>�8=WXA�8IN�EI69:=[(D(>(Q�R�8=s
	 >(GM`�:=Q�?�<MN�^;>�HyP�8F<(>�:F?�:=Q A�8oEaN��{8FEI6�QON=8;6ds
2�B9E;EFC�:�6�<(>�C'C�A�:J�f8FEI6�Q9:�Q�EI8aH�P�8F<(>�:F?�>(D�8FE;G(>�H�69:=D�8FG

Per (f) = {x ∈ I : ∃ m ≥ 1, fm(x) = x} .
�	:=^ ?vB

K = [Per (f)]′ w C�A�:J�f8FEI6�Q9:oP(<�8a?�8I`�Z�A(R�H�69:=D�8FG�?�`(L�C�A�:J�f8FEI6�Q=BfP�8F<(>�:;?�>�VD�8FE;G(>�Ho69:=D�8FG w EI:=Q98F<(z{8FA(A�:�8SA(>(^r?�8�A�8�PM`�:�6�A�:�8jC�A�:J�{8FEI6�Q9:�W=69:�8FEI6�Z}^I:�C�8;:�C�:=<(�¨VA�:�C�A�:J�f8FEI6�QON �"B9A�69:=<�B�sv�bA�:J�{8FEI6�Q9:
K
A�8}EI:F?�8F<=�|>�6|P�8F<(>�:F?�>(D�8FE;G(>�Hb69:=D�8FGX�

K
⋂
Per (f) = Ø

�"B9P�:�C�A(>�C�W�D�69:bg;q��9��i�|�al�l�m ��A�BduJRSQ=BO8;6�EcL C�A�:F�f8FEI6�Q9:
M
W�8FEa`�>|:=A�:�udB�C�G(AMNM69:o>

GMBd�&?vBdL_8F^I:�69:=D(G�B L�QO`(L(8;6�EcL�P(<�8a?�8I`�Z�A�:=[ � 69:.8FEI6�Z 6OB�C A�8;6b>MuF:9`�>(<�:=Q=B9A(A(R�H�69:OVD�8FG � s

�
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1
λ=3.83   Cycles 3:   [0.15616  0.50470  0.95742] stable

x

y

β
1

β
2 β

3β
−1

β
−2

β
−3

,

y=x 

y=f(x) 

y=f3(x) B
3
 

B
−3

������� 7 ��� ���'� � ��� � � � - � � ����� � ��� ! ��,��")�� ®�� � � �
λ = 3.83

� � � ��� ����� . � � B3 = {β1, β2, β3}� ,�� � � ��� ����� . � � B−3 = {β−1, β−2, β−3}
�
B3 = {0.15616, 0.50470, 0.95742} � B−3 =

{0.16356977, 0.52400029, 0.95741657}

• λ = 3.83
s§¦�Ea`�>'P(<�:F?�:9`(�oBO6�Z\N�Q98I`�>(D(>(Q=BO6�Z+P�B9<�B�C�8;6�<

λ
W�x9NJ?�NM6\P�:JL�QO`(L(6�Z�EcL

A�:=Q�R�8�~(>(GM`�R"WYQ�69:�C D(>(Ea`�8�P�8F<(>�:F?�:=Q(W�:�6F`�>(D(A(R�H@:�6
2i, i = 0, 1, . . .

sY¬ <(>
λ =

3.83
:�69:�x=<�Bd�f8FA(>�8 N��f8 >�C�8;8;6y~(>(GM`�R7E|`���x=RTC P�8F<(>�:F?�:�C

m ∈ N
s��"B9P(<(>�C�8F<XW

P(<(>�6FL�^;>(Q=B9�¨�f>�C\L�QO`(L(8;6�ErL4~(>(GM`
B3
P�8F<(>�:F?vB 
�W�:�x=<�BduF:=Q=B9A(A(RS[|69:=D(GMB�C�> {β1

W
β2
W

β3} � 2�>(E�s�� � � <�:�C�8oP(<(>�6FL�^;>(Q=B9�¨�{8F^I:�W�8FEI6�Z :�696OBd`�G(>(Q=B9�j�f>([\~(>(GM`+P�8F<(>�:F?vB 
|V�;69:269:=D(G(> {β−1
W
β−2

W
β−3}

s
�	:=D(G(>�:�x�:=>�Hb~(>(GM`�:=Q|Q�RSD(>(Ea`(L���6�EcL.GMB9GbAMNd`�>.P�:9`�>(A�:�CYB �oEI698FP�8FA(>

f 3(x)− x

f(x)− x
.

�"B9G(>�8b69:=D(G(> P(<(>�6;L�^;>(Q=BO8;6\~(>(GM`
B3
� 2�B9E;EFC�:�6�<(>�C�P(<�:�:�x=<�BduJR 69:=D(G(>

β−3 w�;69:269:=D(G(>
β−2

>
1− β−2

s��jx�:9uJA�BJD(>�C�>(A�698F<(Q=Bd`
(1− β−2, β−2)

GMB9G
I0
s ��:=^r?vB

(a) f 3(I0) ⊂ I0 � A�B9P(<(>�C�8F<XW f 3(1/2) ∈ I0 � W
(b)

A�Bo>(A�698F<(Q=Bd`�8
I0
>�C�8;8;6�EcL�69:9`�Z�G�:2:F?�A�Bo>�P(<(>�6�:�C@P(<(>�6FL�^;>(Q=B9�¨�&BdL.A�8FP�:OV

?�Q�>M�|A�BdL.69:=D(GMB
β2
:�69:�x=<�Bd�{8FA(>ML

f 3 W

(c)
~(>(GM`�:=Q|P�8F<(>�:F?vB+5f:�69:�x=<�Bd�f8FA(>�8

f 3 A�8�>�C�8;8;6Js� `�8a?�:=Q=BO698I`�Z�A�:�W�?�`(L�`���x�:=^I:
x0 ∈ I0

P(<(>
n → ∞ Q�RSP�:9`�A�8FA�:

f 3n(x0) → β2
W

69:@8FEI6�Z!69:=D(GMB
x0
P(<(>�6FL�^;>(Q=BO8;6�EcL ~(>(GM`�:�C

B3
W¥>(A�698F<(Q=Bd`

I0
QdH�:F?�>�6@Q]:�x9`�B9EI6�Z

P(<(>�6FL��f8FA(>MLe~(>(GM`�B
B3
s

��B9G�GMB9G�Q�ErL�G�BdL|6�<�BO8FG�69:=<(>ML�WMP(<(>�6;L�^;>(Q=BO8JC�BdL4~(>(GM`�:�C
B3
W9?�:9`(�|A�B{P(<�:FH=:F?�>�6�Z

�



>bD�8F<�8Iu
I0 � �;69:2:=G(<�8FEI6�A�:=EI6�Z269:=D(G(> β2 � W(69:4C�A�:J�f8FEI6�Q9:

P =
+∞⋃

i=0

f−i(I0)

EI:=EI69:=>�6'>Mu\698aH >169:9`�Z�G�:'698aH169:=D�8FG
I
WSG=:�69:=<(R�8+P(<(>�6FL�^;>(Q=B9��6�EcL�~(>(GM`�:�C

B3
s

�bA�:J�f8FEI6�Q9:
P w :�6�G(<(R�69:�8=W�PM`�:�6�A�:�8_A�B I

W�P(<(>(D�8JC
mesP = mes I = 1 � �;69:P�:=GMBdudB9A�:{Q�EI6dBO6�ZOLMH �fs �&s��KB9<(G�:=Q�E;G�:=^I:}> �}�.s��vN�G�8FA�HMB9[�C�8F<�B � s���A�BFD(>�6dW�~(>(GM` B3P(<(>�6FL�^;>(Q=BO8;6|P�:=D�6�>eQ�EI8"69:=D(G(>.>Mu

I
s

�bA�:J�f8FEI6�Q9:
I\P EI:=EI69:=>�6 >Mu&69:=D�8FGXWvG�:�69:=<(R�8oA�8fP(<(>�6FL�^;>(Q=B9��6�EcL�~(>(GM`�:�C

B3
W

>yP(<�8a?�EI6OB9QO`(L(8;6 EI:�x�:=[yEI:=Q98F<(z{8FA(A�:�8=W�A(>(^r?�8oA�8&PM`�:�6�A�:�8|C�A�:J�{8FEI6�Q9:�Wv69:�8FEI6�Z ^I:OV
C�8;:�C�:=<(�"A�:�8{C�A�:F�f8FEI6�QON �"B9A�69:=<�B�s

0§:9`�8;8j?�8;6OBd`�Z�A(RS[eB9A�Bd`�>MufC�:J�|A�:�A�B9[�6�>.Q2G(A(>(^I8 �fs �&s��KB9<(G�:=Q�E;G�:=^I:�s

• λ = 4
s�5 �;69:�C'Ea`(N�D�BO8

maxx∈I f(x) = f(1/2) = 1
W(6OB9G.D�69:

f(I) = I � 2�>(E�s�� � s
�j69:�x=R P�:9`(N�D(>�6�Z2P(<�8a?�EI6OB9QO`�8FA(>�8 :oE;Q9:=[(EI6�Q=BJH�?�>(A�B�C�>(D�8FE;G�:=[ E;>(EI698JC�R"W�udBJ?vB9Q=BO8aV
C�:=[�:�69:�x=<�Bd�f8FA(>�8JC

x 7−→ 4x(1− x), � 5 �
Q9:=E;P�:9`�ZOu;N=8JC�EcLj698JC�W;D�69:�:�69:�x=<�Bd�{8FA(>�8 � 5 � 69:=P�:9`�:=^;>(D�8FE;G(>"�FG(Q�>(Q=Bd`�8FA�6�A�:�GMN�EI:=D(A�:OV`�>(A�8F[(A�:�C�N�:�69:�x=<�Bd�{8FA(>(�

x→ g(x) =

{
2x, 0 ≤ x ≤ 1/2,
2(1− x), 1/2 ≤ x ≤ 1. � 
 �

� � #����Y�=/���������s��{Q=Bf:�69:�x=<�Bd�f8FA(>ML
f1 : X1 → X1, f2 : X2 → X2

h2qJ��q�¡�q	�cª�¤��IgIp=ª�
Op �dª��OkF¡��al�hol�mYWX8FEa`�>�EaN��{8FEI6�QON=8;6 ^I:�C�8;:�C�:=<(�">MudC
h : X1 → X26OB9G�:=[XW�D�69:o?�>�B9^;<�B�CYCYB

f1

X1 → X1

h ↓ h ↓
X2 → X2

f2G�:�CYC�NM6OBO6�>(Q�A�B�W�6ds 8=s
h ◦ f1 = f2 ◦ h

s

�}`(L_:�69:�x=<�Bd�f8FA(>ML � 5 � > � 
 � X1 = X2 = I
W�>\EI:=P(<=L�^aB9�¨�f>([_^I:�C�8;:�C�:=<(�">MudC

h : I → I
udBJ?vBO8;6�EcLb�jN�A(G(~(>�8F[

h(x) = 2/π arcsin
√
x.
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1
λ=4

x

y

y=f(x) 

y=g(x) 

y=x

������� �'���
� � � � � � ��������������� . � . � � ��, � , � � ����� � ��� ! ��,��") � � � � � � �

��8F[(EI6�Q�>�698I`�Z�A�:�W�Qo6OB9G�:�C@Ea`(N�D�BO8

h−1(x) = sin2 πx/2,

>bA�8;:�xFH�:F?�>�C�:2P(<�:=Q98F<(>�6=Z(W�D�69:
f = h−1 ◦ g ◦ h. ¬j:=E;G�:9`�Z�GMN

0 ≤ h−1(x) ≤ 1/2 ?�`(L
0 ≤ x ≤ 1/2 W

1/2 ≤ h−1(x) ≤ 1 ?�`(L
1/2 ≤ x ≤ 1 W

69:�P(<(>
0 ≤ x ≤ 1/2

h−1 ◦ g ◦ h(x) = sin2(
π

2
· 2 · 2

π
arcsin

√
x) =

= sin2(2 arcsin
√
x) = (2

√
x
√
1− x)2 = f(x)

P(<(>
1/2 ≤ x ≤ 1

h−1 ◦ g ◦ h(x) = sin2
[
2
(π
2
− arcsin√x

)]
= sin2(2 arcsin

√
x) = f(x).

¦�Ea`�>�?�Q=B&:�69:�x=<�Bd�f8FA(>MLe69:=P�:9`�:=^;>(D�8FE;G(>b�FG(Q�>(Q=Bd`�8FA�6�A(R � >M`�>eEI:=P(<�L��f8FA(R � W�69:EI:=P(<=L��f8FA(R � >M`�>y�FG(Q�>(Q=Bd`�8FA�6�A(R � >.?�>(E;G(<�8;6�A(R�8f?�>(A�B�C�>(D�8FE;G(>�8oE;>(EI698JC�R"W�P�:=<�:OV�&?�8FA(A(R�8��;6�>�C�>�:�69:�x=<�Bd�f8FA(>ML�C�>Xs�5yEFB�C�:�C ?�8I`�8=W;8FEa`�>
h◦f = g◦h WF69:jP(<(>}`���x�:�C

n > 0 h ◦ fn = gn ◦ h s �"Bd�&?�:=[+6�<�BO8FG�69:=<(>(>�:;?�A�:=[\?�>(A�B�C�>(D�8FE;G�:=[!E;>(EI698JC�REI:�:�6�Q98;6�EI6�QON=8;6_6�<�BO8FG�6�:=<(>ML�?�<MN�^I:=[!?�>(A�B�C�>(D�8FE;G�:=['E;>(EI698JC�R"s©��69:+EI:�:�6�Q98;6�EI6�Q�>�8

®��



udBJ?vBO8;6.�jN�A(G(~(>ML
h
�X6�<�BO8FG�69:=<(>(>+:�69:�x=<�Bd�f8FA(>ML

f
W�P(<�:FH=:F?�L��{8F[_D�8F<�8Iu|69:=D(GMN

x0
W

:�6�Q98FD�BO8;626�<�BO8FG�69:=<(>MLe:�69:�x=<�Bd�{8FA(>ML
g
W(P(<�:FH�:F?�L��&BdLbD�8F<�8Iu}69:=D(GMN

h(x0)
s

�jE;>�C�P�69:�6�>�D�8FE;G(>�82E;Q9:=[(EI6�Q=B�EI:�:�6�Q98;6�EI6�QON��¨�f>�He?�<MN�^�?�<MN�^aNe6�<�BO8FG�69:=<(>([�:F?�>�V
A�B9G�:=Q�R"�

w− P(<�8a?�8I`�Z�A(R�8+C�A�:J�f8FEI6�Q=B�6�<�BO8FG�69:=<(>([ {fn(x0)}
> {gn(x0)}

^I:�C�8;:OV
C�:=<(�"A(R�C�8I�&?�N EI:�x�:=[Xs(¦�Ea`�> :F?�A�B&>Mu"�;6�>�H 6�<�BO8FG�69:=<(>([.P(<(>�6FL�^;>(Q=BO8;6�EcLb~(>(GM`�:�C�W
69:�>4?�<MN�^aBdLbP(<(>�6FL�^;>(Q=BO8;6�EcL.~(>(GM`�:�C'>�6ds ?	s
��B9G(>�C\:�x=<�BduF:�C�W=D�69:�x=RU>Mu;N�D(>�6�Z{E;Q9:=[(EI6�Q=B":�69:�x=<�Bd�f8FA(>ML � 5 � W9?�:=EI6OBO69:=D(A�:&<�B9E�VEFC�:�6�<�8;6�Z_GMN�EI:=D(A�:OV `�>(A�8F[(A�:�8b:�69:�x=<�Bd�f8FA(>�8 � 
 � W�D�69:+E ?�8I`�BO6=Z�P(<�:=�{8=s©¬ <(>��;69:�CC�:J�|A�:1>(E;P�:9`�ZOuF:=Q=BO6�ZUC�8;69:F?�R 6dB9G A�BduJRSQ=BO8JC�:=[ E;>�C�Q9:9`�>(D�8FE;G�:=[1?�>(A�B�C�>(G(>Xs"5

?�Q9:=>(D(A�:=[�udB9P(>(E;>�GMBd�&?vBdL.69:=D(GMB
x ∈ I

>�C�8;8;62Q�>�?

x = 0. a1a2 . . . ai . . . ,
^r?�8

ai = 0
>M`�>

ai = 1
s � :=^r`�B9E;A�: � 
 � W

g(x) =

{
0. a2a3 . . . ai . . . , a1 = 0,
0. ā2ā3 . . . āi . . . , a1 = 1,

^r?�8
āi = 1− ai

W�69:&8FEI6�Z{:�69:�x=<�Bd�f8FA(>�8
g
:�6&P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�> AMNd`�8F[ >�8a?�>(A(>(~

a1a2a3 . . .
:�69x=<�B9E;RSQ=BO8;6.P�8F<(QON��~(>(�"<MN=W	B :=EI6OBd`�Z�A(R�8|:=EI6OB9QO`(L(8;6�x�8Iu|>MudC�8FA�8FA(>([

� G�:=^r?vB a1 = 0 � >M`�>_udB�C�8FAML(8;6.A�B.P(<�:�6�>(Q9:=P�:9`�:J�|A�R�8 � G�:=^r?vB a1 = 1 � s���69:yP�:9uIVQ9:9`(L(8;6�`�8F^;G�:&<�BduF:�x=<�BO6�Z�EcL�W�A�B9P(<(>�C�8F<XWMEjP�8F<(>�:F?�>(D�8FE;G(>�C�>46�<�BO8FG�69:=<(>ML�C�>X�M6OB9G(>�8
6�<�BO8FG�69:=<(>(>(>�?�:9`(�|A(R]P(<�:;H�:F?�>�6�ZjD�8F<�8Iu§69:=D(G(>XWdG�:�69:=<(R�8¥Q�?�Q9:=>(D(A�:=[}udB9P(>(E;>�>�C�8aV
��6|P�8F<(>�:F?�>(D�8FE;G(>�8�P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�>.>Mu{AMNJ`�8F[b>b8a?�>(A(>(~Xs

�}`(L4>(E;Ea`�8a?�:=Q=B9A(>ML�:�69:�x=<�Bd�f8FA(>ML � 
 � >(E;P�:9`�ZOu;N=8JCy?�<MN�^I:=[ C�8;69:F?	W�:=E;A�:=Q=B9A(A(RS[A�B.69:�C�s�D�69:y:�69:�x=<�Bd�f8FA(>�8 � 
 � L�QO`(L(8;6�EcL+<�B9EI6FL�^;>(Q=B9�¨�f>�C � <�BduI?�Q�>(^aBO8;6ex9`�>MuJG(>�869:=D(G(> � s���69:�6�C�8;69:F?�P(<(>!A�BJ?�`�8I�oB9�{8JC 8F^I:e<�BduJQ�>�6�>(>]C�:J�f8;6ex=R�6�Z�P(<(>�C�8FA�8FA+GP(<�:=>MuJQ9:9`�Z�A(RTC\A�8FP(<�8F<(RSQ�A(RTC�:�69:�x=<�Bd�f8FA(>ML�C�s � `�8a?�EI6�Q�>�8JC�69:=^I:�W=D�69:�:�69:�x=<�Bd�f8aV
A(>�8 � 
 � L�QO`(L(8;6�EcLb<�B9EI6FL�^;>(Q=B9�¨�f>�C�W�L�QO`(L(8;6�ErLbEa`�8a?�N��¨�f>([.P�:9`�8IuJA(RS[b�}B9G�6Js
�����"�"���s �}`(L\`���x�:=^I:�:�6�G(<(R�6�:=^I:�Q

I
>(A�698F<(Q=Bd`�B

J ⊂ I
EaN��{8FEI6�QON=8;6

m > 06OB9G�:�8=W�D�69:
gmJ = I

s

��:=GMBdudBO698I`�Z�EI6�Q9:|P�:=D�6�>b:=D�8FQ�>�?�A�:��
� � ¦�Ea`�> J ∩ 1/2 = Ø W�69: diam (gJ) = 2 diam (J) s5 � 2	B9E;EFC�:�6�<(>�C'>(A�698F<(Q=Bd` [0, ε] P(<(>.A�8FG=:�69:=<�:�C ε

W(69:=^r?vBf?�`(L
m ≥ 1 :�x=<�Bdu��;69:=^I:>(A�698F<(Q=Bd`�B

gm[0, ε] = [0, ε · 2m]
P(<(>

ε · 2m < 1
>
gm[0, ε] = I

P(<(>
ε · 2m ≥ 1

s
��A�BJD(>�6JW(NM6�Q98F<=�&?�8FA(>�8 	}8JCYC�R E;P(<�B9Q98a?�`�>(Q9:�s

 � ¦�Ea`�> 1/2 ∈ J

W�69:eEaN��{8FEI6�QON=8;6
δ > 0

6OB9G�:�8=W�D�69:
[δ, 1] ⊂ g(J)

s��	:=^ ?vBb>Mu4PXs 5
Ea`�8a?�N=8;6&NM6�Q98F<=�&?�8FA(>�8 	}8JCYC�R"W�6OB9GbGMB9G

[0, 2δ] ⊂ g2(J)
s

� � ¬¨N�EI6�Zo698FP�8F<(Z J ⊂ I
V�P(<�:=>MuJQ9:9`�Z�A(RS[.>(A�698F<(Q=Bd`�W(6OB9G�:=[.D�69:

J ∩ {1/2} = Ø s

®a®



¦�Ea`�>
max{x ∈ J} < 1/2 WO69:j?�`�>(A�B >(A�698F<(Q=Bd`�B x9NJ?�8;6jNF?�Q=B9>(Q=BO6�Z�EcLoA�B GMBd�&?�:=[>�698F<�B9~(>(>\>

diam (gr+1(J)) = 2 diam (gr(J))
WXP�:=G�B

gr(J) ∩ 1/2 = Ø s�¬¨N�EI6�Z r0

w A�B9>�C�8FA(Z�zf8;8 r 6OB9G�:�8=W�D�69: 1/2 ∈ gr0(J)
s¥��:=^r?vB]>Mu_PXs 
!Ea`�8a?�N=8;6JW�D�69:]`�8JCYCYB

E;P(<�B9Q98a?�`�>(Q=B�s
¦�Ea`�>��f8

J ∩ 1/2 = Ø >
min{x ∈ J} > 1/2 W�69:es s s

� kO OkO¤�k 5Ms 2�B9E;EFC�:�6�<�8;6�Z{Q 	}8JCYC�8 ��Ea`(N�D�B9[XW�G�:=^r?vB
J ⊂ I w P(<�:=>MuJQ9:9`�Z�A(RS[�>(A�698F<�VQ=Bd`�WM?�`(L.G�:�69:=<�:=^I:

J ∩ {1/2} = Ø s
�j6�C�8;6=>�C¥W�D�69:�B9A�Bd`�:=^;>(D(A�:�8&NM6�Q98F<=�&?�8FA(>�8|E;P(<�B9Q98a?�`�>(Q9:.>e?�`(L_:�69:�x=<�Bd�f8FA(>ML

� 5 � W�B��;69:bEI:=Q�EI8JC A�8oGMBd�f8;6�EcL�:=D�8FQ�>�?�A(RTC�Wv6OB9G_G�B9Gy�;69:�:�69:�x=<�Bd�f8FA(>�82Q :=G(<�8FEI6dVA�:=EI6�>�69:=D(G(>
x = 1/2

E;>M`�Z�A�:fEc�|>�CYBO8;6f>(A�698F<(Q=Bd`�R"W
f ′(1/2) = 0

s 0§:9`�8;8�69:=^I:�W��;6OB
`�8JCYCYBoP�:9uJQ9:9`(L(8;6{?�:=GMBdudBO6�Z|<�LM?�Q=Bd�|A(R�H.E;Q9:=[(EI6=Q{?�>(A�B�C�>(D�8FE;G�:=[.E;>(EI698JC�R � 
 � s
� �(����#�*+�Y������� ��sJ�"B

I
Q�E;�§?�N"PM`�:�6�A(R!P�8F<(>�:F?�>(D�8FE;G(>�8Y69:=D(G(>Xs�	���x�:=[":�6�G(<(R�6�RT[

>(A�698F<(Q=Bd`�EI:F?�8F<=�|>�6|P�8F<(>�:F?�>(D�8FE;G(>�8}69:=D(G(>.E;G�:9`�Z&N�^I:F?�A�:2x�:9`�Z�zf>�H�P�8F<(>�:F?�:=Q(s

��:=GMBdudBO698I`�Z�EI6�Q9:�sd¬¨N�EI6�Z
J w P(<�:=>MuJQ9:9`�Z�A(RS[�:�6�G(<(R�6�RT[f>(A�698F<(Q=Bd`&> m 6OB9G�:=Q9:�WJD�69:

gmJ = I
s��"B9[�?�NM6�EcL.69:=D(G(>

x′
>
x′′ ∈ J

W�?�`(LeG�:�69:=<(R�H
gm(x′) = 0

>
gm(x′′) = 1

s
�j69:�x=<�Bd�f8FA(>�8

g
A�8FP(<�8F<(RSQ�A�: � Ea`�8a?�:=Q=BO698I`�Z�A�:�WO> gm w A�8FP(<�8F<(RSQ�A�:�8¥:�69:�x=<�Bd�f8FA(>�8?�`(L.`���x�:=^I:

m > 0 � W�P�:��;69:�C�N.A�B9[�?�8;6�EcL.69:=D(GMB x0
W(`�8I�oB9�&BdL�C�8I�&?�Nb69:=D(GMB�C�>

x′>
x′′
WO?�`(L�G�:�69:=<�:=[

gm(x0) = x0
s���:=D(GMB

x0
P�8F<(>�:F?�>(D�8FE;G�BdL�W�>28���P�8F<(>�:F?�L�QO`(L(8;6�EcL

?�8I`�>�698I`�8JC
m
s

�j6�:�x=R\?�:=GMBdudBO6�Z(WdD�69:"A�B
J
8FEI6�Z¨P�8F<(>�:F?�>(D�8FE;G(>�8¥69:=D(G(>XW9P�8F<(>�:F?2G�:�69:=<(R�Hfx�:9`�ZdV

z{8=W�A�B9P(<(>�C�8F<XW
m0
W�<�B9E;EFC�:�6�<(>�C+A�B

J
:�69:�x=<�Bd�f8FA(>�8

gm0!
s���69:&GMN�EI:=D(A�:OV `�>(A�8F[(A�:�8

:�69:�x=<�Bd�f8FA(>�8=W(C�:=A�:�69:=A(A�:o>MudC�8FAML��¨�{8;8FEcL|:�6 �}?�: �j>4:�6 �T?�: ��s � N��{8FEI6�QON�8;6f:�6dV
G(<(R�6�RS[�>(A�698F<(Q=Bd`

J̃ ⊂ J
W�A�B�G�:�69:=<�:�C

gm0!(x) 6= x
Wv>�P�:��;69:�C�NeA�8&EI:;?�8F<=�oB9�f>([

P�8F<(>�:F?�>(D�8FE;G(>�H+69:=D�8FGXW�P�8F<(>�:F?@G�:�69:=<(R�H]<�B9Q98FA
1, 2, 3, . . . ,m0.

5 �;69:e�f8 Q�<�8JC�L
A�B

J̃
W�EI:=^c`�B9E;A�:&?�:=G�BdudB9A(A�:�C�N�W(8FEI6�Z|P�8F<(>�:F?�>(D�8FE;G(>�8�69:=D(G(>XW�>XW�Ea`�8a?�:=Q=BO698I`�Z�A�:�W�>�H

P�8F<(>�:F?�R x�:9`�Z�z{8
m0
s��j6�Q98F<=�&?�8FA(>�8 �¨?�:=GMBdudB9A�:�s

� �(����#�*+�Y����������s � N��{8FEI6�QON=8;6o6�<�BO8FG�69:=<(>ML�W�Q�E;��?�N�PM`�:�6�A�BdLeA�B
I
s

��:=GMBdudBO698I`�Z�EI6�Q9:�s �j69:�x=Ry?�:=GMBdudBO6�Z�NM6�Q98F<��&?�8FA(>�8 5MW;Q9:9uJZ=C�8JC GMB9G�:=[�V `�>�x�:�E;D�8;6�A(RS[
x�BduJ>(EYA�B

I
W;A�B9P(<(>�C�8F<XWI:�x=<�BduF:=Q=B9A(A(RS[ :�6�G(<(R�6=RTC�>�>(A�698F<(Q=Bd`�B�C�>

J1, J2, . . . , Js, . . .>Mu
I
s(��:�W(D�69: {Js}

:�x=<�Bdu;N���6ox�BduJ>(E�WM:9uJA�BJD�BO8;6JW(D�6�:&?�`(L `���x�:=[�69:=D(G(>
x ∈ I

A�B9[�V
?�8;6�EcL.P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�Z2>(A�698F<(Q=Bd`�:=Q {Jsi

} 6OB9GMBdL�W�D�69:

Js1
⊃ Js2

⊃ . . . ⊃ Jsi
⊃ . . . ,

∞⋂

i=1

Jsi
= {x}.
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�"B9P(<(>�C�8F<XW�Q�GMBJD�8FEI6�Q98¨x�BduJ>(EFB�C�:J�|A�:&QOu;L(6�Z{>(A�698F<(Q=Bd`�R"WMG=:=A(~(RUG�:�69:=<(R�H2?�Q9:=>(D�V
A�:}<�B9~(>�:=A�Bd`�Z�A(R�8TD(>(Ea`�B >Mu

I
s9�S<�BO8FG�69:=<(>ML�W969:=D(G(>2G�:�69:=<�:=[2P�:=P�BJ?vB9��6}Q GMBd�&?�RS[

>Mu{>(A�698F<(Q=Bd`�:=Q
Js (s = 1, 2, . . .)

W�:=D�8FQ�>�?�A�:�W�Q�E;��?�N�PM`�:�6�A�B2A�B
I
s

¬j:=GMBd�f8JC�W�D�69:|A�B9[�?�8;6�EcLb69:=D(GMB
x0 ∈ J1

6OB9GMBdL�W�D�69:

{gi(x0)}∞i=0 ∩ Js 6= ∅, s = 1, 2, . . .

� :=^c`�B9E;A�: 	}8JCYC�8 ��W	?�`(L'GMBd�&?�:=^I:
s = 1, 2, . . .

A�B9[�?�8;6�EcL'P�:9`�:F�|>�6�8I`�Z�A�:�8eD(>(E�V
`�:

ms

6OB9G�:�8=W�D�69:
gms(Js) = I

s���B9G1GMB9G
gm1(J1) = I ⊃ J2

W�69:'EaN��{8FEI6�QON=8;6
:�6�G(<(R�6=RS[_Q

I
>(A�698F<(Q=Bd`

J (1) ⊂ J1
6OB9G�:=[XWXD�69:

gm1(J (1)) = J2
s �fBd`�8;8=W�P�:=E;G�:9`�ZdV

GMN
gm2(J2) = I ⊃ J3

>
gm1(J (1)) = J2

W©69:]EaN��{8FEI6�QON=8;6\:�6�G(<(R�6=RS[1>(A�698F<(Q=Bd`

J (2) ⊂ J (1) 6dB9G�:=[XWYD�69: gm1+m2(J (2)) = J3
s���B9G@GMB9G

gm3(J3) = I ⊃ J4
W�EaN��{8aV

EI6�QON=8;64:�6�G(<(R�6�RT[�>(A�698F<(Q=Bd`
J (3) ⊂ J (2) 6OB9G�:=[XWvD�69: gm1+m2+m3(J (3)) = J4

>e6ds ?	s
¬j:9`(N�D�BO8JC�P�:=Ea`�8a?�:=Q=BO698I`�Z�A�:=EI6�Z|QO`�:J�{8FA(A(R�H�?�<MN�^}Q{?�<MN�^aBo>(A�698F<(Q=Bd`�:=Q

J1 ⊃ J (1) ⊃ J (2) ⊃ J (3) ⊃ . . . ⊃ J (s) ⊃ . . .

?�`(L.G�:�69:=<(R�H

g
∑s

i=1 miJ (s) = Js+1.
�j8F<�8IubGMBd�&?�N�� 69:=D(GMN'C�A�:J�f8FEI6�Q=B ⋂∞

s=1 J
(s)
W�:=D�8FQ�>�?�A�:�WYP(<�:FH�:;?�>�6\6�<�BO8FG�69:=<(>ML�W

PM`�:�6�A�BdLeA�B
J
s��j6�Q98F<=�&?�8FA(>�8 5�?�:=G�BdudB9A�:�s

• λ > 4
sS¬j:=E;G�:9`�Z�GMN

f(1/2) = λ/4 > 1
W¥69:�W�Ea`�8a?�:=Q=BO698I`�Z�A�:�W

f(I) * I
sT5

D�B9EI6�A�:=EI6�>XW
f(1/2) > 1

>
fn(1/2) → +∞ P(<(>

n → ∞ s§��B9G'�{8yQ98a?�NM6!EI8;xJL?�<MN�^;>�8}6�<�BO8FG�69:=<(>(>XW�A�BJD(>(A�B9�¨�f>�8FErL.Qo69:=D(GMBJH.>(A�698F<(Q=Bd`�B

J = {x ∈ I : f(x) > 1}.
�j:=A(~(R >(A�698F<(Q=Bd`�B

J
NF?�:=QO`�8;6�Q9:=<=L���62N�Ea`�:=Q�>(�

f(x) = 1
W��;69:269:=D(G(>

x1,2 = 1/2±
√
1/4− 1/λ.

¬ <(>(Q98a?�8JC_x�8IuT?�:=G�BdudBO698I`�Z�EI6�Q=B}NM6�Q98F<��&?�8FA(>�8=W�:=P(<�8a?�8I`(L��¨�{8;8�Q=Bd�|A�:�8jE;Q9:=[(EI6dV
Q9:�C�A�:F�f8FEI6�Q=B

P
69:=D�8FG

x ∈ I
WX?�`(L]G�:�69:=<(R�H!6�<�BO8FG�69:=<(>(> {fn(x)} ⊂ I

s��"B9P�:OV
C�A(>�C�W=D�69:fG(Q=BJ?�<�BO6�>(D(A�:�8¨:�69:�x=<�Bd�f8FA(>�8

f(x) � � � >|GMN�EI:=D(A�:OV `�>(A�8F[(A�:�8�:�69:�x=<�Bd�{8aVA(>�8
g(x)

�

x → g(x) =

{
λx/2, 0 ≤ x ≤ 1/2,
λ(1− x)/2, 1/2 ≤ x ≤ 1.

69:=P�:9`�:=^;>(D�8FE;G(>b�FG(Q�>(Q=Bd`�8FA�6�A(R1?�`(L.GMBd�&?�:=^I:ouJA�BJD�8FA(>MLbP�B9<�B�C�8;6�<�B
λ
s
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� �(����#�*+�Y����������s
K = {x ∈ [0, 1] : gn(x) ∈ [0, 1], n ≥ 0} w EI6dB9A�?vB9<�6�A(:�8C�A�:J�f8FEI6�Q9: �"B9A�69:=<�B�s

� `�8a?�:=Q=BO698I`�Z�A�:�W
P w EI:=Q98F<(z{8FA(A�:�8=WIA(>(^r?�8§A�8�PM`�:�6�A�:�8¥C�A�:J�f8FEI6�Q9:�WJ^I:�C�8;:�C�:=<(��VA�:�8{C�A�:J�{8FEI6�QON �"B9A�69:=<�B�W�P(<(>(D�8JC

mesP = 0
s
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