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a2h2

bd

)1/3

Y, z = aZ, τ = t/θ.
6 @�A

¹	Q�c�10Hr^�H[VROj^�H[V�4�U>O2DGFIHKZv^�Q21�OYL�b-6'&�A ±06�� A�M�N�4�5�4�^�H[OGVf3�4 1

x′ =
1

1 + z
− αx, y′ = x− βy, z′ = y − γz, 6¢;�A

�



c�1�O��pV�N�4 tzQ�a�QRJj5�H2U�H[OGV-1(4��!� O2N>O25�g�4�N>Q�3�HR5�4>O-M>Q
τ
=�H

α
=
β

4
γ
±]M>QRL�QjSo4 x

VROYL�b�5�CBOpM>Q�DYVRQjZ�5�5�CBO$!

θ = (abdh)−1/3, α = cθ, β = eθ, γ = gθ.

��HKJK^�O2N�5>Q�DYV�b
θ
±]DYO2FI/>5 10H>=�F�Q��2�!�!4�g�4>O25>V�C

α
=
β
=
γ
4�M>O2N>Oj^�O25�5�CBO

x
=
y
=
z±sa�OYJjN�HKJK^�O2N�5�CBO�3ROYL�4�U�4�5�C!k��p4�5�H�^�4�FI/WDG4�DYVROj^�Cµ6¢;�A£Q�M�N>OP1�OYL�Z�w¨V¦V�N�4�M�HRN�Hjx

^�OGV�N�H%!
α
=
β
4
γ
k

#�1�Q�a�5>QsJKHRM�4�D2H[V�b-6¢;�A�3s3RO2F>VRQ�N�5>Q�h-� Q�N�^�O$!

r′ =
dr

dτ
= F(r, α, β, γ),

6���A
c�1�O

r =





x
y

z



 , F =





1
1+z − αx
x− βy
y − γz



 .

l O2F>VRQ�N�N>O2�pO25�4IZ
r(τ)

^�QG1�OYL�4�6¢;�A�1�QRL�STO25W/j1�Q�3[L�OGV�3RQ�N�Z�V�br5>O2N�HR3RO25�DYV�3�H�^
x(τ) ≥ 0

=
y(τ) ≥ 0

4
z(τ) ≥ 0

=�M>Q�DGF�QRL�b�FI/��GVRQ�x³3RO2F>VRQ�N\F�Q�5�g>O25>V�N�HRg�4�h%k
¶�V�^�OGV�4�^B=�U>VRQr1(4�3�4�N�cYO25�g�4IZ-3RO2F>VRQ�N�5>Q�cYQoM>QRL�Z

F
Q�V�N�4�g�H[V�OYL�b�5�H%!

div F =
∂F

∂x
+
∂F

∂y
+
∂F

∂z
= −α− β − γ < 0.

´ L�OP1�Q�3�H[VROYL�b�5>Q�= Q�a���Oj^µL�w¨a�Q�h)Q�aRL(HRDYV�4)�XHKJ2Q�3RQ�cYQ7M�N>Q�DYV�N�HR5�DYV�3�H#M>Q21�1�O2h x
DYV�3�4>Oj^)Q�VRQ�a�N�HKSTO25�4IZ

F
/�^�O25�b��¦H[OGV�D©Z�k0°�Q�F HKSTOj^B=(U>VRQ�DP/>�pO2DYV�3[/�OGVf4�5�3�HRN�4 x

HR5>V�5�HKZoQ�V�5>Q�DG4>VROYL�b�5>QpDG4�DYVROj^�Cn6���A�Q�aRL(HRDYV�bX3XM>QRL�QjSo4>VROYL�b�5>Q�^�Q�F>V[HR5>VRO�M�N>Q[x
DYV�N�HR5�DYV�3�H³6

x
=
y
=
z
A�=GQ�cGN�HR5�4�U>O25�5�HKZX5>O2F�Q�VRQ�N>Q�h���}[{R�	��
���}
�Y|����)�[����~�}j��|sy[~�|sy

B
=�5�HrF�Q�VRQ�N>Q�h-3RO2F>VRQ�N�5>Q�O³M>QRL�O

F
5�HRM�N�HR3[L�O25>QfDYV�N>Q�cYQo3�5I/IV�N�bsQ�aRL(HRDYV�4%k

´�5�H2U�HKL(HpM>Q�FIHKSTOj^7DP/>�pO2DYV�3RQ�3�HR5�4>O¨Q�cGN�HR5�4�U�4�3�HRw��pO2hWM>Q�3RO2N�t�5>Q�DYV�4
B

V[Hjx
F�Q�h%=�U>VRQpDGFIHKL�Z�N�5�CBO_M�N>Q�4IJj3ROP1�O25�4IZ

(F(r, α, β, γ),n) < 0
1�L�Z

r ∈ B =�c�1�O
n
±

3�5>O2�T5IZ>Zo5>Q�N�^�HKL�bpF
B

3XVRQ�U�F�O
r
kI��HRDGD2^�Q�V�N�4�^#M�N�Z(^�QR/>cYQRL�b�5�CEhfM�HRN�HKL�L�OYL�OPx

M�4�M>OP1	=�Q�cGN�HR5�4�U>O25�5�CEh�MIL�Q�DGF�Q�DYV2Z�^�4
x = 0

=
y = 0

=
z = 0

4
x = x∗

=
y = y∗

=
z = z∗

= c�1�O
x∗

=
y∗

4
z∗

1�QRL�So5�C�a�CBV�b¦5�HRh 1�O25�C!k�°�/�DYV�b
i
=
j
4

k
±rOP1(4�5�4�U�5�CBO

3RO2F>VRQ�N�C!=�5�HRM�N�HR3[L�O25�5�CBO³M>QsQ�D©Z�^zF�Q�Q�N�1(4�5�H[V
x
=
y
4
z
=�DYQ�Q�V�3ROGV�DYV�3RO25�5>Q�k

�!HiFIHKS¦1�Q�h)4IJvF�Q�Q�N�1(4�5�H[V�5�Cut�cGN�HR5>O2h\M�HRN�HKL�L�OYL�Q�cGN�H�^�^�H�DGM�N�HR3ROP1�L�4�3�C
DPL�OP1�/>w��T4>O³DYQ�Q�V�5>Q��pO25�4IZ !

x = 0, n = −i ⇒ (r′,n) = −x′ = − 1

1 + z
< 0, z ≥ 0,

y = 0, n = −j ⇒ (r′,n) = −y′ = −x < 0, x > 0,

z = 0, n = −k ⇒ (r′,n) = −z′ = −y < 0, y > 0.

�



�!H¦Q�DYVKHKL�b�5�Cut-cGN�HR5IZItW1�QRL�So5�Cna�CBV�bo3�CEM>QRL�5>O25�CeDPL�OP1�/>w��T4>O /�DPL�Q�3�4IZ !

z = z∗, n = k ⇒ (r′,n) = y − γz∗ < 0,

y = y∗, n = j ⇒ (r′,n) = x− βy∗ < 0,
6���A

x = x∗, n = i ⇒ (r′,n) =
1

1 + z
− αx∗ < 0.

�%H�^�OGV�4�^B=�U>VRQfO2DPL�4
γz∗ > y∗

=�VRQW3sM>O2N�3RQ�^�4IJX/�DPL�Q�3�4�h#6���A�V�N>OGaR/�Oj^�Q�O³5>O2N�Hjx
3RO25�DYV�3RQW3�CEM>QRL�5IZ�OGV�D©Z�=(M>Q�DGF�QRL�b�FI/

y ≤ y∗
k���5�HKL�Q�cG4�U�5>Q�5�Hjt�Q21(4�^\1�Q�DYVKH[VRQ�U x

5�CBOB/�DPL�Q�3�4IZp1�L�Zs5>O2N�HR3RO25�DYV�3�H
(r′,n) < 0

5�H�V�N>OPtscGN�HR5IZIt¦M�HRN�HKL�L�OYL�O2M�4�M>OP10H
x = x∗

=
y = y∗

=
z = z∗

!

1 < αx∗, x∗ < βy∗, y∗ < γz∗.
6¢:�A

¶ U>O23�4 1(5>Q�=�U>VRQW^�QjSo5>QfM>Q�DPL�OP1�Q�3�H[VROYL�b�5>Qs5�HRh>V�4
x∗

=
y∗

4
z∗
=>/21�Q�3[L�OGV�3RQ�N�Z�wEx

�T4>O!/�DPL�Q�3�4IZ(^d6¢:�A�k(° N�4��GVRQ�^zaR/21�/IVf3�CBM>QRL�5IZ�V�b�D�Zv5>O2N�HR3RO25�DYV�3�H

x∗ >
1

α
, y∗ >

1

αβ
, z∗ >

1

αβγ
.

¹	Oj^�D2H�^�C_^�^�CzM>Q�FIHKJKHKL�4%=[U>VRQ�1�L�ZrDG4�DYVROj^�Cd6���A	4�^�OGOGV!^�O2DYVRQ!c©L�Q�a�HKL�b�5>Q�OBDP/�x
�pO2DYV�3RQ�3�HR5�4>OuN>O2�pO25�4IZ³D 5�HjU�HKL�b�5�C_^�4!10HR5�5�C_^�4TM�N�4

τ = 0
!
r0 = (x0, y0, z0)

=
c�1�O

x0 ≤ x∗
=
y0 ≤ y∗

4
z0 ≤ z∗

=(V[HRF�FIHRFiDP/>�pO2DYV�3[/�OGV�F�Q�5>O2U�5�HKZ�JKH�^�F�5I/IVKHKZ
M>Q�3RO2N�t�5>Q�DYV�bsa�OYJpF�Q�5>V[HRF>V[H

B
=�5�HsF�Q�VRQ�N>Q�h

(r′,n) < 0
k(l��GVRQ�^�DPL�/>U�H[O³cYQ�3RQ[x

N�Z�VK=�U>VRQfN>O2�pO25�4>O JKHj10HjU�4v¤�Q��T4�DP/>�pO2DYV�3[/�OGV-{��0�9��}��!= 1�L�Zv3�DYOPt
τ > 0

k
�!HRh 1�Oj^�DYV[HRg�4>Q�5�HRN�5�CBO_DYQ�DYVRQjZ�5�4IZ¦DG4�DYVROj^�Cd6���A�=RF�Q�VRQ�N�CBOB/21�Q�3[L�OGV�3RQ�N�Z�w¨V

N�HR3RO25�DYV�3[/
F(rs, α, β, γ) = 0.

¤�Q�Q�N�1(4�5�H[V�CdOP1(4�5�DYV�3RO25�5>Q�cYQsM>QRL�QjSo4>VROYL�b�5>Q�cYQoN>O2�pO25�4IZ
rs = (xs, ys, zs)

V[Hjx
F�Q�3�C!=�U>VRQ

xs = βys, ys = γzs, z2
s + zs −

1

αβγ
= 0,

698	��A

Q�V�FI/j10H

zs =
1

2

[

(

1 +
4

αβγ

)1/2

− 1

]

> 0.


XO2cGF�QsM�N>Q�3RO2N�4>V�b�=�U>VRQ

zs < (αβγ)−1 < z∗, ys < (αβ)−1 < y∗, xs < α−1 < x∗,

VRQoO2DYV�bsDYV[HRg�4>Q�5�HRN�5�HKZqVRQ�U�FIHsN�HRDGM>QRL�QjSTO25�Hr3�5I/IV�N�4vM>Q�3RO2N�t�5>Q�DYV�4
B
k

�



�XL�Z#4�DGDPL�OP1�Q�3�HR5�4IZ]/�DYVRQ�h�U�4�3RQ�DYV�4�DYV[HRg�4>Q�5�HRN�5>Q�cYQiDYQ�DYVRQ2Z�5�4IZ7M>O2N>O25>O2DYOj^
5�HjU�HKL�QoF�Q�Q�N�1(4�5�H[Vf3rM�N>Q�DYV�N�HR5�DYV�3ROpF�Q�5�g>O25>V�N�HRg�4�hv3

rs
DXM>Q�^�Q��Tb�wnJKH�^�O25�C

p =





u
v

w



 , u = x− xs, v = y − ys, w = z − zs.


³4�5>OjHRN�4IJG/�ZoDG4�DYVROj^�/¦/>N�HR3�5>O25�4�hv6���A�3XQ�F�N>O2DYV�5>Q�DYV�4oVRQ�U�F�4
p = 0

=�M>QRL�/>U�H[Oj^

p′ = Mp, M =





−α 0 −(1 + zs)
−2

1 −β 0
0 1 −γ



 .

´uQ�a�DYV�3RO25�5�CBOEJj5�H2U>O25�4IZo^�H[V�N�4�g�C�� /j1�Q�3[L�OGV�3RQ�N�Z�w¨V tIHRN�HRF>VRO2N�4�DYV�4�U>O2DGF�Q�^�/
/>N�HR3�5>O25�4�w |M− λE| = 0

=�VRQsO2DYV�b

λ3 + (α + β + γ)λ2 + (αβ + βγ + γα)λ+ αβγ +
1

(1 + zs)2
= 0,

698�8jA

F�Q�VRQ�N>Q�O¨4�^�OGOGV!V�N�4sN>O2�pO25�4IZ
λ1

=
λ2

4
λ3

k�¹�HRFsFIHRFr3�DYO_F�Q��2�!�!4�g�4>O25>V�C)3s698�8jA
M>QRL�QjSo4>VROYL�b�5�CX=�VRQ-1�O2h�DYV�3�4>VROYL�b�5�Cut�M>QRL�QjSo4>VROYL�b�5�CutzDYQ�a�DYV�3RO25�5�Cut]Jj5�H2U>OPx
5�4�he5>O#^�QjSTOGV�a�CBV�b�k�² QRL�OGO�VRQ�cYQ�=E5>OGQ�a2t�Q21(4�^�CBO]4�1�Q�DYV[H[VRQ�U�5�CBO]/�DPL�Q�3�4IZ
��HG/�D2Hj±>.0/>N�3�4�g�HrQ�V�N�4�g�H[V�OYL�b�5>Q�DYV�4q1�O2h�DYV�3�4>VROYL�b�5>Q�h�U�HRDYV�4q/q3�DYOPtqF�Q�N�5>O2h

λi4�^�O2w¨VoDPL�OP1�/>w��T4�hq3�4 1 !

α + β + γ > 0, αβγ +
1

(1 + zs)2
> 0,

698�&�A

(α + β + γ)(αβ + βγ + γα)− αβγ − 1

(1 + zs)2
> 0.

°�Q�DGF�QRL�b�FI/
α
=
β
=
γ
4
zs

M>QRL�QjSo4>VROYL�b�5�C!=m5I/ So5>Q�M�N>Q�3RO2N�4>V�bfVRQRL�b�F�Q�3�CEM>QRL>x
5>O25�4>OXM>Q�DPL�OP1(5>O2cYQs5>O2N�HR3RO25�DYV�3�H¦3q698�&�A�k�¶¨1(5�HRF�QsD!M>Q�^�Q��Tb�wn/>N�HR3�5>O25�4IZ]698	��A
1�L�Z

zs
Q�5>QoM�N�4�3RQG1(4>V�D©ZvF�Q�U>O23�4 1(5>Q�^�/�5>O2N�HR3RO25�DYV�3[/

α2(β + γ) + β2(α + γ) + γ2(α + β) + αβγ(1 + αβγzs) > 0.

¹�HRF�4�^�Q�a�N�HKJ2Q�^B=
p = 0

4IL�4
r = rs

±vOP1(4�5�DYV�3RO25�5>Q�OoDYV[HRg�4>Q�5�HRN�5>Q�OfDYQ�DYVRQ2ZIx
5�4>O�=�Q�5>Qr/�DYVRQ�h�U�4�3RQf4%=�DPL�OP1�Q�3�H[VROYL�b�5>Q�=�3o^�Q21�OYL�b�5>Q�hqDG4�DYVROj^�Oo6'&�A x�6�� AB5>Op^�Q[x
STOGV7M�N>Q�4IJ2Q�h>V�4�a�4���/>N�FIHRg�4IZ�N>QjST1�O25�4IZ)/�DYVRQ�h�U�4�3RQ�cYQ7M�N>OP1�OYL�b�5>Q�cYQ7g�4�FIL(H
4IJ�DYV[HRg�4>Q�5�HRN�5>Q�h�VRQ�U�F�4�6Âa�4���/>N�FIHRg�4IZ���Q�M��XH�A�k¨��QG1�OYL�b�M�N>Q�g>O2DGD2H]DG4�5>VROPx
JKHr� O2N�^�O25>V[HsD Q�V�N�4�g�H[V�OYL�b�5>Q�h-Q�a�N�H[V�5>Q�h-DG3[Z>Jjb�wp=�N�HRDGD2^�Q�V�N>O25�5�HKZ-5�H�^�4%=�5>O
1�Q�MI/�DGFIH[OGVsM>QjZ�3[L�O25�4IZvHR3RVRQ�F�QRL�OGa�HR5�4�h%k

�



l�DPL�OP1�/>w��pOj^�N�HKJY1�OYL�Oo^�CµQ�M�4��pOj^d^�Q21(4��!4�FIHRg�4�4��GVRQ�h]^�Q21�OYL�4%=%4�^�O2wEx
�T4>O£M>O2N�4>Q21(4�U>O2DGF�4>O£N>O2�pO25�4IZ�k2�!HRM>Q�^�5�4�^�DG5�HjU�HKL(HBF�N�4>VRO2N�4�hT��HG/�D2Hjx9.0/>N�3�4�g�H>k
�-&�������&��������>"(������� "%&�'������
¤�Q�N�5�4qM>QRL�4�5>Q�^�4�HKL�b�5>Q�cYQs/>N�HR3�5>O25�4IZ-D!F�Q��2�!�!4�g�4>O25>VRQ�^

a0 > 0

a0z
3 + a1z

2 + a2z + a3 = 0

aR/j1�/IVzL�OYSrH[V�b�3�L�O23RQ�hdM>QRL�/>MIL�Q�DGF�Q�DYV�4nF�Q�^�MIL�O2F DG5>Q�hdMIL�Q�DGF�Q�DYV�4n3zVRQ�^`4
VRQRL�b�F�QoVRQ�^�DPL�/>U�H[O�=>O2DPL�4�3�CEM>QRL�5>O25�CeDPL�OP1�/>w��T4>OX5>O2N�HR3RO25�DYV�3�H%!

a1 > 0,

∣

∣

∣

∣

a1 a3

a0 a2

∣

∣

∣

∣

> 0, a3 > 0.
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°�Q�DGF�QRL�b�FI/�^�Q21�OYL�b�5�HKZ�DG4�DYVROj^�H�6'&�A ±06�� Au5>O Q�aRL(Hj10H[OGVTV�N>OGaR/�Oj^�C_^�F�QRL�OGa�Hjx
VROYL�b�5�C_^eM>Q�3ROP1�O25�4>Oj^B=mVRQ�=?DPL�OP1�/�Z�Q�a��T4�^dM�N�4�5�g�4�M�H�^�^�Q21�OYL�4�N>Q�3�HR5�4IZ�=�M>Q[x
M�N>Q�aR/�Oj^7OGO!^�Q21(4��!4�g�4�N>Q�3�H[V�b�=�3�5>Q�3�b¦3�CEM>QRL�5�4>V�boHR5�HKL�4IJX4%=>5�HRF�Q�5>O2g%=>5�HRh>V�4
O2h�a�4>QRL�Q�cG4�U>O2DGFI/>w«4�5>VRO2N�M�N>OGV[HRg�4�wTk

�³Q�MI/�DYV�4�^B=�U>VRQv1�L�Zz4�5�HRF>V�4�3�HRg�4�4zN>O2cP/KL�Z�VRQ�N�5>Q�cYQicYO25�H
G

5I/ So5�H�a�QRL�OGO
U>Oj^#Q21(5�HT^�QRL�O2FI/jL(HpN>O2M�N>O2DGDYQ�N�H

Z
k�´ L(HRcPH[Oj^�Q�O

b/(1 + aZ)
3W6'&�A�= Q�M�4�DGCE3�HRwEx

�pOGO�DGF�Q�N>Q�DYV�bpQ�a�N�HKJ2Q�3�HR5�4IZ�^£�£�X¤¦= DYQ�Q�V�3ROGV�DYV�3[/�OGV¦M�N>OP1(M>QRL�QjSTO25�4�wp=IQ�M�4�N�Hjx
w��pOj^�/�D©Zf5�HX�2F DGM>O2N�4�^�O25>VKHKL�b�5�CBO¨10HR5�5�C�O�= U>VRQTQ21(5�Hp^�QRL�O2FI/KL(Hp^�OGV[H[a�QRL�4>V[Hjx
N>O2M�N>O2DGDYQ�N�H

Z
DYQ�OP1(4�5IZ�OGV�D©ZqD!Q21(5�4�^\cYO25>Q�^71�L�Z-M>QRL�/>U>O25�4IZqO2cYQs5>OjHRF>V�4�3�5>Q�h

� Q�N�^�C!k )�DPL�4�1�L�Z��GVRQ�cYQ�5>OGQ�a2t�Q21(4�^�C
m

^�QRL�O2FI/KLdN>O2M�N>O2DGDYQ�N�H>=£VRQzN�HRDGDP/�x
S¦1�O25�4IZ�=�HR5�HKL�Q�cG4�U�5�CBOrM�N>Q�3ROP1�O25�5�C_^�3�M�N>OP1(Cu1�/>�pOj^�N�HKJY1�OYL�O�=0M�N�4�3RQ21�Z�VqF
F�4�5>OGV�4�U>O2DGF�Q�^�/�/>N�HR3�5>O25�4�wn1�L�Z-F�Q�5�g>O25>V�N�HRg�4�4v� O2N�^�O25>V[Hs3rV[HRF�Q�^�3�4 1�O$!

Ẋ =
b

1 + aZm
− cX 6982<�A

3�^�O2DYVRQ76'&�A�k�® 4�DPL�Q
m

5�HKJjCE3�H[OGV�D©Z)~�}������£� ���(�P��|s}����³�I����y[k�² OYJjN�HKJK^�O2N�5�HKZ
DG4�DYVROj^�HT/>N�HR3�5>O25�4�h]6���ABM�N>OGQ�a�N�HKJG/�OGV�D©ZqF-3�4 1�/

r′ = F(r, α, β, γ,m), F(r, α, β, γ,m) =





1
1+zm − αx
x− βy
y − γz



 .
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)	1(4�5�DYV�3RO25�5>Q�OuM>QRL�QjSo4>VROYL�b�5>Q�OuDYV[HRg�4>Q�5�HRN�5>Q�OuDYQ�DYVRQjZ�5�4>O
rs

Q�M�N>OP1�OYL�Z�OGV�D©Z
DYQ�Q�V�5>Q��pO25�4IZ�^�4

rs =





xs

ys
zs



 , xs = βys ys = γzs, zm+1
s + zs −

1

αβγ
= 0,
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c�1�O
zs

xqOP1(4�5�DYV�3RO25�5>Q�O\M>QRL�QjSo4>VROYL�b�5>Q�O)N>O2�pO25�4>OzM>Q�DPL�OP1(5>O2cYQ�/>N�HR3�5>O25�4IZ�k
l�^�O2DYVRQv698�8jA�M>QRL�/>U�H[Oj^7tIHRN�HRF>VRO2N�4�DYV�4�U>O2DGF�Q�O!/>N�HR3�5>O25�4>O

λ3 + a1λ
2 + a2λ+ a3 = 0

DXF�Q��2�!�!4�g�4>O25>V[H�^�4

a1 = α + β + γ, a2 = αβ + βγ + γα, a3 = αβγ[1 +m(1− αβγzs)].
°�Q�DGF�QRL�b�FI/

1+m(1−αβγzs) > 0
= M>QRL�QjSo4>VROYL�b�5�CBO�1�O2h�DYV�3�4>VROYL�b�5�CBO!F�Q�N�5�4

3�5>Q�3�bsQ�V�DP/IV�DYV�3[/>w¨VKk�#£DPL�Q�3�4>OT��HG/�D2Hjx9.0/>N�3�4�g�H>=�F�Q�VRQ�N>Q�O!1�QRL�So5>Qfa�CBV�bo5�HRNI/�x
�pO25>Q�1�L�ZoDP/>�pO2DYV�3RQ�3�HR5�4IZsF�Q�^�MIL�O2F DG5>Q�cYQXDYQ�a�DYV�3RO25�5>Q�cYQ�Jj5�HjU>O25�4IZsD_M>QRL�QjSo4 x
VROYL�b�5>Q�h]1�O2h�DYV�3�4>VROYL�b�5>Q�h�U�HRDYV�b�wp=�±i�GVRQz6ÈDGN�HR3�5�4>VRO�DoV�N>OGV�b�4�^e/�DPL�Q�3�4>Oj^e3
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ψ = a1a2 − a3 > 0,
6982;�A

c�1�O
ψ = (α + β + γ)(αβ + βγ + γα)− αβγ[1 +m(1− αβγzs)]

=
zs

±�M>QRL�QjSo4>VROYL�b�5�CEhzF�Q�N>O25�b-/>N�HR3�5>O25�4IZ�698j@�A�k	¹�HRF7FIHRF
α
=
β

4
γ
M>QRL�QjSo4 x

VROYL�b�5�C!=�VRQ�=�M�N�4�^�O25IZ>Z\DYQ�Q�V�5>Q��pO25�4>O-^�OYS¦1�/�DGN>OP1(5�4�^�HRN�4��X^�OGV�4�U>O2DGF�4�^ 4
DGN>OP1(5�4�^\cYOGQ�^�OGV�N�4�U>O2DGF�4�^B=�^�CnM�N�4 t�Q21(4�^�Fq5>O2N�HR3RO25�DYV�3�H�^

(α + β + γ)/3 ≥ [(αβ + βγ + γα)/3]1/2 ≥ (αβγ)1/3,

V[HRF-U>VRQ

(α + β + γ)(αβ + βγ + γα) ≥
√

3(αβ + βγ + γα)3/2 ≥ 9αβγ.

¹	Q�c�10H³1�L�Z
ψ

DGM�N�HR3ROP1�L�4�3�HTQ�g>O25�FIH

ψ ≥ αβγ(8−m) +mα2β2γ2zs = αβγ[8 +m(αβγzs − 1)],
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5>Qf3oDYV[HRg�4>Q�5�HRN�5>Q�h-VRQ�U�F�OT3�CBM>QRL�5>O25>QW5>O2N�HR3RO25�DYV�3RQ
zs < (αβγ)−1 =�4-3RVRQ�N>Q�O
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��VKHRF%=j^�C�M>QRL�/>U�4IL�4%=jU>VRQ�=GM>Q¨F�N�HRh�5>O2h³^�O2N>O�=�1�L�Z

m < 8
4�L�w¨a�Cut³M>QRL�Q2So4 x

VROYL�b�5�Cut³Jj5�HjU>O25�4�h
α
=
β
4
γ
3�CEM>QRL�5IZ�OGV�D©ZT5>O2N�HR3RO25�DYV�3RQ¦6982;�A�=K4pDYV[HRg�4>Q�5�HRN�5>Q�O
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^�QjSTOGV-DYVKH[V�b-5>OY/�DYVRQ�h�U�4�3RQ�h�VRQRL�b�F�QvM�N�4
m > 8

k%¹�HRF�FIHRF�DYQ�a[x
DYV�3RO25�5�CBO!Jj5�H2U>O25�4IZ

λ
Z�3[L�Z�w¨V�D©ZqF�Q�N�5IZ�^�4qFI/Ia�4�U>O2DGF�Q�cYQT/>N�HR3�5>O25�4IZ�=>VRQsVRQ�U x

FIH
rs

aR/j1�OGVf5>OY/�DYVRQ�h�U�4�3RQ�h%=�O2DPL�4
λ1

4
λ2

F�Q�^�MIL�O2F DG5>QWDYQ�M�N�Z>STO25�5�CBO�=
λ1,2 =

µ ± iσ =�M�N�4�U>Oj^ µ
4
σ
M>QRL�QjSo4>V�OYL�b�5�C!k0¹?Q�c�10Ho3oQ�F�N>O2DYV�5>Q�DYV�4

rs
aR/j1�/IVfM�N>Q[x

4�D�t�Q21(4>V�bsF�QRL�OGa�HR5�4IZq3RQRJjN�HRDYV[HRw��pO2hqH�^�MIL�4>V[/21(C!k ��J!VROGQ�N>Oj^�C���Q�M��!HrQra�4 x
��/>N�FIHRg�4�4�M>O2N�4>Q21(4�U>O2DGF�Q�cYQTN>O2�pO25�4IZfDPL�OP1�/�OGVK= U>VRQ¦3³Q�F�N>O2DYV�5>Q�DYV�4Wa�4���/>N�FIHjx
g�4>Q�5�5�CutpJj5�HjU>O25�4�h

α
=
β
4
γ
^�Q�cP/IV�DP/>�pO2DYV�3RQ�3�H[V�b�M�N>OP1�OYL�b�5�CBOBg�4�FIL�Cz^�HKL�Q�h

H�^�MIL�4>V[/j1(Cµ3RaRL�4IJj4-5>OY/�DYVRQ�h�U�4�3RQ�hvVRQ�U�F�4
rs
k �XL�Z-a�4���/>N�FIHRg�4>Q�5�5�CutvJj5�H2U>OPx

5�4�h�M�HRN�H�^�OGV�N>Q�3
µ = 0

= V[HRFqU>VRQ
λ1

4
λ2

±¦1(3�H¦U�4�DYVRQo^�5�4�^�Cut�DYQ�a�DYV�3RO25�5�Cut
Jj5�HjU>O25�4IZ�k

l�FIH2U>O2DYV�3ROTM�N�4�^�O2N�HoN�HRDGD2^�Q�V�N�4�^
α = β = γ

=�V�Q�cÑ10Hv6982;�AE47698j@�AEM�N�4�^�/IV
3�4 1

α3zs > 1− 8/m, zm+1
s + zs − α−3 = 0.
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)�DPL�4

α
^�HKL�Q�=>VRQ

α−3 À 1
=�4q4IJX/>N�HR3�5>O25�4IZ�1�L�Z

zs
DPL�OP1�/�OGV

zm+1
s ∼ α−3 ⇒ zs ≈ (α−3)1/(m+1),

M>Q��GVRQ�^�/pM>O2N�3RQ�O�5>O2N�HR3RO25�DYV�3RQ 3T698	��A?M�N�4>Q�a�N>OGV[H[OGV 3�4 1
α3m/(m+1) > 1−8/m

4
^�QjSTOGVr5�HRNI/>�¦H[V�b�D©Z�M�N�4fL�w¨a�Q�^

m > 8
4o1�Q�DYV[H[VRQ�U�5>Qo^�HKL�Q�^

α > 0
k��!HRM�N�4 x

^�O2N%=�O2DPL�4
m = 9

=(VRQo1�L�Zi5>OY/�DYVRQ�h�U�4�3RQ�DYV�4v1�Q�DYVKH[VRQ�U�5>Q
α ≤ 0.4

k0¹	Q�cÑ10Hr1�L�Z
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y
M�N>Q2t�Q21(4>V³^�HRF DG4�^�HKL�b�5>Q�OuJj5�HjU>O25�4>OEM>QRJY1(5>OGO�=[U>Oj^�F�Q�5�g>O25>V�N�HRg�4IZ
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x
=�4zVRQRL�b�F�Q#M>Q�VRQ�^ F�Q�5�g>O25>V�N�HRg�4IZ�N>O2M�N>O2DGDYQ�N�H

z
1�Q�DYV�4�c�H[OGV]DG3RQ�O2cYQ
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N�H[V�4�3�5>Q�DYV�b�=%V�N>OGaR/�Oj^�HKZv1�L�Z�N>O2M�N>O2DGDG4�4�^�OGV[H[a�QRL�4>VRQ�^d4�4IJK^�O2N�Z�Oj^�HKZiF�Q��2��x
�!4�g�4>O25>VRQ�^ � 4IL�L(H

m
3n6982<�A�=E5�HRDYV�QRL�b�F�Q�3�CEDYQ�F�Q�cYQ�M>Q�N�ZI1(FIH>=EU>VRQ�3\3�CED�x

�pO2h¦DYVRO2M>O25�4¦5>O23RO2N>QjZ�V�5>Q�1�Q�DYV�4�cG5I/IV�b OGO�k�® 4�DPL�Q!^�QRL�O2FI/KL?=[5>OGQ�a2t�Q21(4�^�Cut³1�L�Z
4�5�HRF>V�4�3�HRg�4�4icYO25�H>=

m > 8
=>t�Q�VGZv�2F DGM>O2N�4�^�O25>VoM>Q�FIHKJjCE3�H[OGVK=�U>VRQ

m = 1
k�¹�Hjx

F�4�^�Q�a�N�HKJ2Q�^B=�^�C,1�QRL�So5�C N�HRDGD2^�Q�V�N>OGV�b]1(NI/>cG4>O�^�Q21(4��!4�FIHRg�4�4�4�D�t�QG1(5>Q�h
^�Q21�OYL�4]6'&�A x�6�� A�=�a�QRL�OGOXDYQ�Q�V�3ROGV�DYV�3[/>w��T4>OpN>OjHKL�b�5>Q�DYV�4%k

�	HKJG/�^�5>Q�=�M>Q[xÉ3�4 1(4�^�Q�^�/�=�M�N>OP1(M>QRL�QjSo4>V�b�=�U>VRQ�DG4�5>VROYJ�� O2N�^�O25>V[H�4z^�OPt Hjx
5�4IJK^)/>M�N�HR3[L�O25�4IZ�DYQG1�O2N�SrH[V�a�QRL�OGO¦U>Oj^)Q21(5I/�F H[V[HKL�4IJj4�NI/�Oj^�/>w�� O2N�^�O25>VRQ�^
N>OjHRF�g�4�wp=KM�N>OP1(�pO2DYV�3[/>w��³/>w\Q�a�N�HKJ2Q�3�HR5�4�w\N>O2M�N>O2DGDYQ�N�H>k�)�DPL�4³O2DYV�b�DYO2N�4IZpN>OPx
HRF�g�4�hTM>O2N�3RQ�cYQ¨M>Q�N�ZI1(FIH_V�4�M�Hp6¢<�AP=2VRQ�3RQRJj5�4�FIH[OGV�^�Q21�OYL�b�5�HKZpDG4�DYVROj^�H_D

n
F�Q�^	x

M>Q�5>O25>V[H�^�4%=�F�Q�5�g>O25>V�N�HRg�4�4\F�Q�VRQ�N�Cut7Q�a�QRJj5�HjU�4�^«U>O2N>OYJ
x = (x1, x2, ..., xn)

k
¹	Q�c�10HiQ�a�Q�a��pO25�4>Oq4�D�t�Q21(5>Q�h)^�Q21�OYL�4).0/j1(3�4�5�H>=�3�F�Q�VRQ�N>Q�^ M�N>Q21�/>F>V

xn
M>Q[x

DPL�OP1(5>O2h-N>OjHRF�g�4�4�3oM>Q�DPL�OP1�Q�3�H[VROYL�b�5>Q�DYV�4v4�5�cG4>a�4�NI/�OGVWM>O2N�3[/>wp=0^�QjSTOGVfa�CBV�b
JKHRM�4�D2HR5>Qo3¦a�OYJjN�HKJK^�O2N�5>Q�h�� Q�N�^�Of6ÈDGN�HR3�5�4>VROpDs698 � AÑA�!

dx1

dτ
= f(xn)− k1x1,

6982:�A

dxr

dτ
= xr−1 − krxr, r = 2, . . . , n.

��1�O2DGb
ki

±oM>QRL�Q2So4>V�OYL�b�5�CBOXM>Q�DYVRQjZ�5�5�CBO�=�H
f(xn)

Q�V�N�HKSrH[OGVr4�5�cG4>a�4�N>Q�3�HR5�4>O
M>Q�DGN>OP1(DYV�3RQ�^nQ�a�N�H[V�5>Q�h7DG3[Z>Jj4%=?DYQ�Q�V�3ROGV�DYV�3[/>w��pOGOWUIL�O25I/

(1 + z)−1 376���A�k�l
F�Q�Q�M>O2N�H[V�4�3�5>Q�hv^�Q21�OYL�4]698 � A�UIL�O25

f(xn)
4�^�OYLv3�4 1

(1 + xm
n )−1 k

´�4�DYVROj^�He6982:�A�a�C�L(H�1�OGV[HKL�b�5>Q�4�DGDPL�OP1�Q�3�HR5�H�^�5>Q�cG4�^�4�HR3RV�Q�N�H�^�4%k!�-HRF x
1�Q�5�HKL�bK1\6982:�����A�=�5�HRM�N�4�^�O2N%=�4�DGM>QRL�b[J2Q�3�HKLvVROGQ�N�4�wµa�4���/>N�FIHRg�4�4%=(3oVRQW3�N>Oj^�Z
FIHRFW��HRM�M�6982:��R;�A�N�HKJjN�H[a�Q�V[HKL�^�OGVRQ21�M>Q�4�DGFIHXM�N>OP1�OYL�b�5�Cutog�4�FIL�Q�3!1�L�ZsJKHj10HR5 x
5�Cut�1(4�HRM�HKJ2Q�5>Q�3sM�HRN�H�^�OGV�N>Q�3�k

�THKL�b�5>O2h��pOGO!Q�a�Q�a��pO25�4>OT^�Q21�OYL�4#6982:�A�=�3fF�Q�VRQ�N>Q�^)FIH[V[HKL�4IJj4�NI/�Oj^�CBO¦��O2N x
^�O25>VRQ�^�N>OjHRF�g�4�4-5>OXQ�ajZ>JKH[VROYL�b�5>QsM>O2N�3RQ�cYQoM>Q�N�ZI1(FIH>=�4�DGDPL�OP1�Q�3�HKL�4W�!HRDYV�4�5�cGD
4i1(N%k£6982:�����APk	¶ 5�4�1�Q�FIHKJKHKL�4]3�HKSo5I/>w¥VROGQ�N>Oj^�/�Q-DP/>�pO2DYV�3RQ�3�HR5�4�4�M>O2N�4>Q21(4 x
U>O2DGF�4 t�N>O2�pO25�4�h�F�Q�5>O2U�5>Q�h]H�^�MIL�4>V[/j1(Cµ1�L�Z]FIL(HRDGD2Hf/>N�HR3�5>O25�4�h�D���F�Q�^�M>Q[x
5>O25>V[H�^�4

dx1

dτ
= f1(xn, x1),

dxr

dτ
= fr(xr−1, xr), 2 ≤ r ≤ n.
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(i = 1, 2, ..., n)
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(vi)

=2M�N�4�3ROP1�O25�5�C_^-5�4ISTO�kj¹	OPx
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(i) ∂fr

∂xr
< 0

= ∂fr

∂xr−1

> 0
=

2 6 r 6 n �
(ii) ∂f1

∂xn
< 0 �

(iii) fr(0, 0) > 0
1�L�Z

r = 1, 2, ..., n
=

f1(xn, 0) > 0
1�L�Z

xn > 0 �
(iv)
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D
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V[HRF�Q�O�= U>VRQ
f1(xn, x1) < 0

M�N�4
xn > x∗n

4
x1 > x∗1

= 5>Q
f1(xn, x1) > 0

M�N�4
xn < x∗n

4
x1 < x∗1 �

(v) ∂f1

∂xn

1�L�Z
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∣

∣
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∂fn
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r′ = F(r, α, β, γ, T ), F(r, α, β, γ, T ) =




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1+z(τ) − αx(τ)

x(τ − T )− βy(τ)
y(τ)− γz(τ)



 ,
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ṅ = n(t)[1− n(t− T )],
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T > 0

k0¶�V�^�OGV�4�^B=(U>VRQWM�N�4
T = 0
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T = 0
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n0 > 1
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n0 < 1 �

(b)
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T > 0

5>O2U�5>Q�OoDYV[HRg�4>Q�5�HRN�5>Q�OfDYQ�DYVRQjZ�5�4>OoM�N�4
t → +∞ ±v�GVRQ

ns = 1
k	° N�4

T = 0
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N>O2�pO25�4>O />N�HR3�5>O25�4IZ#6'& &�A�4�^�OGOGVsM�N>Q�DYVRQ�h-3�4 1

n(t) =
n0

n0 + (1− n0)e−t
, n(0) = n0,

M>Q�FIHKJKHR5�5�CEh-5�Ho��4�D�k ��=
a
k

��O2�pO25�4>O�D
T > 0
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ṅ → 0
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n(t) < 1
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t0 − T < t < 0
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ṅ(0) > 0
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n(t1 − T ) < 1
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ṅ(t1) > 0
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U>VRQ7M>Q7F�N�HRh�5>O2h)^�O2N>O�1�L�Z

t > t1
4\aRL�4IJjF�4 t)F

t1
=�aR/21�OGV

n(t) > 1
ku��Q�DYV

N>O2�pO25�4IZ
n(t)
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n(t − T ) < 1
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n(t)[1−n(t−T )] > 0
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t = t1 +T

5�H2U�5>OGV�D©Zf/Ia�CE3�HR5�4>O
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ẋ = − π

2T
x(t) ⇒ x(t) = x0 e−πt/(2T ),
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ẋ = − π

2T
x(t− T ) ⇒ x(t) = x0 cos (πt/(2T )) ,
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