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� #&;*N�F8I2'�5w9zQ$I=#�"�-=F�'�"$I=6/M$6/FHN26GI�'*).5�6/"$6/"�'$6EQ�'�FH7�6/"�"$#&F8I2'�R*-=R�#&�8#JP�7�'$+2#�02'D X-
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t���#&F8I2M$#&'�5�;$#,�GI2'�5W X-="�"�1�5�;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2K

x1, x2, . . . , xn, . . .
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 �7�?WR�M�-JI2R&#&F8I&'[+=N> �6>5�6G6,#2+2#=)>"�->Q�-JI2K {xn}
t� � �6/FGK

n = 1
F8#2#2I20=6GI2F8I20JN&6GI�;$6/M�0=#JP

5�N�'*).5�6/M$6/"�'�@yt���#JPi02'D �'�5�#�5�N�9<FGM$6H �'(Q�'�F8687
xn
6/F8I2K�R*-=R*-.?*P¡I=#�).-=R&#&"$#�5�6/M�"$#&F8I2K�t

¢ F8I=6/F8I20=6/"�"$#y#>TU'D X-JI2K�9DQ$I=#CQ�'�FH7�6/"�"$#&F8I2Kg;$#&;*N.7�?�}�'�'�0] X-="�"�1`%��8#/ 
xn+1

).-=02'�FG'$I
#2ILI=#&�8#�9YFGR�#=7�K2R�#�T,'�0=#2I&"�143�+&1z7�#|�8#/ W"�-.).-> 	9<I=#|6/F8I2K�#2I|0=687�'�Q�'�"�1

xn
tY��-=R�'�5

#2+&M�-.)/#�5w9�0,;�M$#&F8I=6/%�xy6>5�FH7�N$Q�-J6
xn+1 = f(xn, λ). £¥¤>¦ � �6/FGK

f
��"$6/;�M$6/M�1`02"�-.?¨§�N$"�R�}�'*?Y9

λ
��;�-=M�-25�6GI2M:94R�#2I=#&M�1`%�).-=02'�FG'$IW#2I[I=#&�8#�9

R*-=R*N$@©R�#&"�R�M$6GI2"$#S).-> X->Q*N�5�1�M�-=FGF/5�#2I2M�'�5wt:ª^-=F8I=#�'�FG;$#=7�KJ)GN26GI2FZ?�R�0&-> �M�-JI2'�Q�"�-.?
§�N$"�R�}�'*?

f
02'D X-

λx(N − x) «
xn+1 = λxn(N − xn), 0 ≤ xn ≤ N. £�¬2¦­4IJ-�§]#&M�5�N>7�-�;$#&R*-.)>1`0&-J6GI>9`Q$I=#�6/FH7�'

λN > 1
9zI=#�Q�'�FH7�6/"�"$#&F8I2K�02'D X-�+&1`F8I2M$#

M�-=F8I=6GI.9.;$#&R*-�#&"�-B5�-.7�-
(xn ¿ N)

9.'y"�->Q�'�"�-J6GIB+&1wF8I&M$#!N*+&1`0&-JI2K�9.R�#&�n X-wTU'�0=#2I2"�143
®



F8IJ-="$#&02'$I2FZ?�FH7�'�xCR�#�5�5�"$#&�8#
(xn > N)

t���#/ �687�K�IJ-=R&#&�8#S02'D X-U+&1z7�-U;�M$6H �7�#>TC6/"�-
0�F86/M$6H �'�"$6������ 0=6/RD-��y6/M=3�@�7�K2F8I=#�5  �7�?�#&;�'�F/-="�'*?�;�M$#&}$6/FGF/-|M$#&F8IJ-{+&'$#�5�-=FGFG1^t
��6/M�021`%SQ*7�6/"�0�;�M�-=0=#&%SQ�-=F8I&'vN$M�-=02"$6/"�'*? £�¬2¦ #2I2M�-.T�-J6GIUM�-.).5�"$#>TC6/"�'$6&9�-C0=I=#&M$#&%�v�G'$+2687�KCTU'�0=#2I2"�1z3:t
	  �#2+&"$#�020=6/F8I2'�a>l\c�a�
8r�lUf
���&c������*r�
���fHc�c�a�
8l��{'*7�'�����a>l\c�a�
8l�����a������*s���r�r

x′
9�Fn �687�-=0�).-25�6/"*N(;$6/M$6>5�6/"�"�143

xn = x′nN
9
λ = λ′/N

t��]M�'(�GI=#�5 §]#&M�5�N.7�- £�¬2¦;�M�'$#2+&M$6GIJ-J6GIU02'D 
x′n+1 = λ′x′n(1− x′n), 0 ≤ x′n ≤ 1. £! &¦

~^-=RS7�6/�GR�#U;$#&R*-.).-JI2K�9�)>"�-/Q$6/"�'*?{;*7�#2I2"$#&F8I2'{;$#&;*N.7�?�}�'�'L+=N> �N*IU#&F8IJ-=0&-JI2K2Fn?{0
[0, 1] �7�?�)>"�-/Q$6/"�'�%#"�a%$'&(&�r���r�fHc�l,oBh*o*).d]c�aGpqfHc�r*s

λ′ ∈ [0, 4] t*�W X-.7�K2"$6/%�xy6>5[xyI2M�'D3�'N�"$#&02143L;$6/M$6>5�6/"�"�143�+=N> �6>5�#&;*N�FGR*-JI2K�t
~]0&-> �M�-JI&'�Q�"$#26v#2I=#2+&M�-.Ty6/"�'$6�02'D X- £! &¦ "�-.)>1w0&-J6GI&Fn?+��a�,Zr�
8l\r���f'
'"&r*d a>l,a.mnh*o�-

pqfHc�r�f¥d^t�.^-=F�'�"$I=6/M$6/FHN&6GIg0=#&;�M$#&F�#gI=#�5w9�Q$I=#C;�M$#&'*)/#&%D �6GIgF!M�-.)G7�'�Q�"�1�5�'�02'D X-25�'
;$#�;�M$#&xy6/F8I202'�'L �#&F8IJ-JI=#&Q�"$#v �#=7��8#&�8#S02M$6>5�6/"�':t � 7�?�#2I20=6GIJ-v"�-v"$6/�8#v0v�GI=#&%�;�M$#JP
F8I=6/%�xy6/%|5�#/ �687�'v �#&F8IJ-JI=#&Q�"$#v021z?�FG"�'$I2K�9�R*-=R�#&%�+=N> �6GIU;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2K {xn};�M�'

n→∞  �7�?|M�-.)G7�'�Q�"�143
λ
t

/{������0 �D
 �10<� � �32�465y��� � �����87:9E�;7 � � ��� ��2 � �
u )\§]#&M�5�N.7�1 £! &¦ FH7�6H �N&6GI>9<Q$I=#�§�N$"�R�}�'*? f(x) ;$6/M$6/0=#/ �'$Iv#2I2M$68)/#&R [0, 1] 0v#2I.PM$68)/#&R

[0, λ/4]
t ¢ FH7�'

λ ≤ 4
9�I=#W02F86S)>"�->Q$6/"�'*?

xn
7�68T\-JI["�-E#2I2M$68)>R&6

[0, 1]
;�M�'

N�FH7�#&02'�':9kQ$I=#
0 ≤ x1 ≤ 1

t u 5�6/"�"$#W;$#2�GI=#�5�N��8#&0=#&M&?�I>9kQ$I=#�§]#&M�5�N.7�- £! &¦  X-J6GI#2I=#2+&M�-.TC6/"�'$6y#2I2M$68)>R*-\0UF86G+>?Yt���#&0=6H �6/"�'$6_;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2'|0,�GI=#�5�'v �M*N$�G'D3
FH7�N$Q�-.?*3�N> �#2+&"$#�;�M$6H �F8IJ-=02'$I2K��GM�-=§^'�Q$6/FGR�':t<.^-=M�'�FHN&6>5�R�M�'�0JN$@

y = f(x)
;�M�'

021w+&M�-="�"$#�5W)>"�->Q$6/"�'�'
λ
'�;�M&?�5�N$@

y = x £ � '�F2t ¤>¦ t$�	#&Q�R�'�'D3�;$6/M$6/F86/Q$6/"�'*?v#&;�M$6HP �687�?�@!IU"$6/;$#/ �02'*TU"�1w6gI=#&Q�R�'�7�#&�G'�F8I2'�Q$6/FGR�#&�8#,#2I=#2+&M�-.TC6/"�'*? £! &¦ t�]M�'S"$6G+2#=7�K2xC'D3,)>"�->Q$6/"�'*?*3
λ (0 < λ ≤ 1) ;$#=7�N$Q�'�5w9$Q$I=# xn → 0

;�M�'
n→∞"$68).-=02'�FG'�5�#^#2I_021w+2#&M�-

x1
tD��IG7�#>TU'�5

x1
;$#_#&FG'U-J+&FG}�'�FGF29=;�M$#&0=6H �6>5E0=6/M$I2'�R*-.7�K] �#

;$6/M$6/F86/Q$6/"�'*?�F�R�M�'�0=#&%
y = f(x) £ I=#&Q�R*- A "�- � '�F2t ¤>¦ 9&).-JI=6>5W'*)]"$6G6��8#&M�'*)/#&"$IJ-.7�K �#v;$6/M$6/F86/Q$6/"�'*?LF^7�'�"�'$6/%

y = x £ I=#&Q�R*- B ¦ t���6/;$6/M�KU02"$#&02KU;�M$#&0=6H �6>5�0=6/M$I2'�R*-.7�K �#�;$6/M$6/F86/Q$6/"�'*?�FS#&FGK2@
x
t>=_6/�GR�#E;�M$#&0=6/M�'$I2K�9�Q$I=#

x2 = f(x1)
t���)G?�0�I=#&Q�R*N

x2).-E"�->Q�-.7�K2"*N$@ '�;$#&0=I=#&M�'�0[02F86�I=6LTC6|#&;$6/M�-=}�'�':9�;$#=7�N$Q�'�5
x3
9�).-JI=6>5

x4
'�I.t  	t

u )SM�'�FHN$"�R*-�02'D �"$#�9�Q$I=#
xn → 0

;�M�'
n → ∞ t���#�Ty6�F/-25�#26v;$#=7�N$Q�-J6GI2FZ?Y9	6/FH7�'

x1
0J)G?�I2KU'*)y'�"$I26/M�0&-.7�-

(0.5, 1]
9�I=#�6/F8I2K� �7�?|;�M$#&'*)>0=#=7�K2"$#&�8#

x1 ∈ [0, 1]
;$#=7�N$Q�'�5

limn→∞ xn = 0
t*­4I=#y#=)>"�->Q�-J6GIy021�5�'�M�-="�'$6�;$#&;*N.7�?�}�'�'�F�IJ-=R�'�5WR�#2�/§^§^'�}�'$6/"$I=#�5

M�-.).5�"$#>TC6/"�'*?Yt
�BN�F8I2K{I=6/;$6/M�K

λ
+2#=7�K2xy6 ¤ t��]M�'[�GI=#�5 ;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2K {xn}

0=6H �6GI{F86G+>?
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 � �
f(x, λ) = λx(1 − x)
��'�(� � 
 ��� 
����)��������* � � �,+ � �

λ = 1
�(� � 
 � ������
�
���-.
������/��� � %0
���-1��� ��� �

x∗ = 0
-���2�-���� � -

3 � ����� ��� �����

;$#JP  �M*N$�8#�5�N « xn
F8I2M$6>5�'$I2FZ?�R�;$#&F8I=#>?�"�"$#�5�NW)>"�->Q$6/"�'�@

x∗ > 0 £ F/5wt 9�"�-=;�M�'�5�6/M:9� '�F2t ¬2¦ tz� ;�M�'�5�6/"$6/"�'�'�R�'�Fn3�#/ �"$#&%�+&'$#=7�#&�G'�Q$6/FGR�#&%�).-> X->Q$6|�GI=#W#=)>"�->Q�-J6GI>9kQ$I=#
Q�'�FH7�6/"�"$#&F8I2K�IJ-=R�#&�8#E02'D X-�;$#(;�M$#&xy6/F8I202'�'�"$6/FGR�#=7�K2R�'D3[7�6GIEF8IJ-J+&'*7�'*)>'�M*N&6GI2FZ?�'
5�-.7�#�5�6/"*?�6GI2FZ?L0=#,02M$6>5�6/"�':9�;�M�'$+=7�'*T�-.?�FGKURLM�-=02"$#&0=6/FG"$#�5�Nv)>"�-/Q$6/"�'�@yt
 <"�->Q$6/"�'$6

x∗
#&;�M$6H �687�?�6GI2FZ?L'*)_N$M�-=02"$6/"�'*?

x∗ = f(x∗, λ). £54D¦
�4F86gI=#&Q�R�':9�N> �#&0J7�6GI20=#&M&?�@BAC'$6y�GI=#�5�N�N$M�-=02"$6/"�'�@y9X"�-.)>1`0&-=@!I2FZ?Wc�f%��a>b�6.r$p c�j�d^r
l,a���"�o/d^rS#2I=#2+&M�-.TC6/"�'*? £¥¤>¦ 9�IJ-=R�R*-=R xn = x∗

;�M�'|7�@!+2#�5
n
9�6/FH7�'

x1 = x∗
t<�]M�'

λ < 1
R�0&-> �M�-JI2"$#26\N$M�-=02"$6/"�'$6

x∗ = λx∗(1 − x∗)
'�5�6G6GI�#G �'�"("$6G#2I2M�'�}�-JI=687�K2"�1�%

R�#&M$6/"�K
x∗ = 0

t��]M�'
λ > 1

"$6G#2I2M�'�}�-JI=687�K2"�143 R�#&M�"$6/%� �0&- « x∗ = 0
'
x∗ =

(λ−1)/λ tD�]M�' λ = 1
"$6/;$#G �02'*TU"�-.?�I=#&Q�R*-

x∗ = 0
I=6/M&?�6GI^N�F8I=#&%�Q�'�0=#&F8I2K�9*-_02"$#&02K

;$#>?�02'�02x�-.?�FZ?SI=#&Q�R*-,F8IJ-="$#&02'$I2FZ?�N�F8I=#&%�Q�'�0=#&%:t
.�6GI&M*N/ �"$#(#&;�M$6H �687�'$I2K�9�+=N> �6GI�7�'�N�F8I=#&%�Q�'�0=#&%�"$6/;$#/ �02'*TU"�-.?�I=#&Q�R*-

x∗
#2I=#2+JP

M�-.TC6/"�'*?
f(x)

tz�BN�F8I2K
xn = x∗ + ∆xn

9k�  �6
∆xn

��5�-.7�#26�Q�'�FH7�#�t ¢ FH7�'�I=#&Q�R*-
N�F8I=#&%�Q�'�0&-$9&I=#yF!M$#&F8I=#�5

n
0=687�'�Q�'�"�- |∆xn|

 �#=7�TU"�-^N�5�6/"�K2x�-JI2K2FZ?Yt� :-=§^'�RDFG'�M*N&6>5
λ
'|;$6/M$6/;�'�xy6>5�§]#&M�5�N>7�N £¥¤>¦ 0,02'D �6

x∗ +∆xn+1 = f(x∗ +∆xn) ≈ f(x∗) +
df(x∗)

dx
·∆xn.
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���� ������$�����%&��
 � �
f(x, λ) = λx(1 − x)

��� �
λ = 2

��� ����� ��� � %0
���- ��� ��� �
x∗ = 0.5

-���2�-���� � - 3 � ����� ��� ������� � x∗ = 0

�� 3 � ����� ��� ���

�]M�'�-="�-.7�'*)/6{N&F8I=#&%�Q�'�0=#&F8I2'¨#&F8#2+&143�I=#&Q$6/R�FG'�F8I=6>5©#2+&1`R�"$#&0=6/"�"�143� �'�§^§]6/M$6/"DP
}�'�-.7�K2"�143�N$M�-=02"$6/"�'�%�0S"$6/021`M$#/T� �6/"�"$#�5�FH7�N$Q�-J6�02F86C#&;�M$6H �687�?�6GI2FZ?{7�'�"$6/%�"�1�5�'
Q*7�6/"�-25�' £ ;$6/M�021`%g5�6GI=#/ =^?�;*N$"$#&0&-w0`I=6G#&M�'�'^N�F8I=#&%�Q�'�0=#&F8I2' ¦ t=�]M$#&0=#/ �?])8 �6/FGK�-="�->P7�#&�G'�Q�"�1w6vM�-=FGFHNDT� �6/"�'*?Y9�5�#/TU"$#{N*+26H �'$I2K2FZ?Y9�Q$I=#{N�F8I=#&%�Q�'�0=#&F8I2K{I=#&Q�R�'

x∗
#&;�M$6HP

 �687�?�6GI2FZ?L;$#&0=6H �6/"�'$6>5W7�'�"$6/%�"$#&�8#,#2I=#2+&M�-.TC6/"�'*?

∆xn+1 =
df(x∗)

dx
·∆xn. £��2¦

� 7�?�I=#&�8#�9�Q$I=#2+&1
∆xn → 0

;�M�'
n→∞ 9* �#=7�TU"$#�021`;$#=7�"*?�I2K2FZ?|"$6/M�-=0=6/"�F8I20=#
∣

∣

∣

∣

df(x∗)

dx

∣

∣

∣

∣

< 1. £	�&¦
­4I=#E'W6/F8I2KL �#&F8IJ-JI=#&Q�"$#26vN�FH7�#&02'$6�N&F8I=#&%�Q�'�0=#&F8I2'�"$6/;$#/ �02'*TU"$#&%�I=#&Q�R�'

x∗
t ¢ FH7�'

021`;$#=7�"$6/"$#|;�M$#2I2'�0=#&;$#=7�#>T�"$#26�"$6/M�-=0=6/"�F8I20=#�9:I=#�5�#/TU"$#LN*I20=6/M&T� X-JI&K�9�Q$I=#|I=#&Q�R*-
x∗
+=N> �6GI�"$68N�F8I=#&%�Q�'�0&-$t ¢ FH7�'�5�#/ �N>7�K�;�M$#&'*)>0=#/ �"$#&%{M�-=0=6/" ¤ 9�I=#v"*NDTU"$#SM�-=FGF/5�-JI.PM�'�0&-JI2KUFH7�6H �N$@BAC'$6gQ*7�6/"�1 M&?* X-\��6/%*7�#&M�-y �7�?

f(x∗ +∆xn)
t


 N> �6>5  X-.7�K2xy6SN$0=687�'�Q�'�0&-JI2K(;�-=M�-25�6GI2M
λ
t���#&0=6H �6/"�'$6SFG'�F8I=6>5�1�FG"$#&0&-�'*).5�6HP

"�'$I2FZ? « ;�M�' λ > 3
0,;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2' {xn}

9�"�->Q�'�"�-.?{F� �#&F8IJ-JI=#&Q�"$#�+2#=7�K2xC'D3
n
+=N> �N*ILQ$6/M$6H �#&0&-JI2K2FZ?{ �0&-vQ�'�FH7�-

a1
'
a2
t:��#&Q�"$6G6\�8#&0=#&M&?Y9X;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2K

{xn}
N�F8I2M$#26/"�-SI.-=R:9YQ$I=#

x2n+1 → a1
9Y-

x2n → a2
;�M�'

n → ∞ t�­4I2'(Q�'�FH7�-�FG0J?*P).-="�1�F8#2#2I2"$#&xy6/"�'$6>5
a1 = f(a2)

9�-
a2 = f(a1)

t 
 N> �6>5 �8#&0=#&M�'$I2K�9�Q$I=#W0(�GI=#�5
FH7�N$Q�-J6�7�#&�G'�F8I2'�Q$6/FGR�#26^#2I=#2+&M�-.Ty6/"�'$6 £! &¦ '�5�6G6GICN�F8I=#&%�Q�'�021`%L}�'�R*7{F];$6/M�'$#/ �#�5 ¬ 9
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������������������������������������� �����
f(x, λ) = λx(1 − x) ! ��� λ = 1 +

√
5
��"
��#%$

S2
�
a1 =

0.5000235 & a2 = 0.8090234
��'
� ! �(�����	�)����*�������#	�

x∗ = λ−1

λ
≈ 0.691

+-,/./,�0	1�2%34+�576%8�, S2 9
: +4; 9
<>= ,@?A2�0	BDC@2�6FE	GH?A2�?IC/BD8�J4KALM+NEPO4+4?AJ S2 1�2>8FQ�2�RS+4?T6 9U ,/,@Q/LM+41�2�E/BVE�,@3N6%?WO4+4?AJM2 S2 , = QN6�L�6�J4K�XYE/;�KWRZ,@Q�5H[�J�,@\

a1,2 =
λ+ 1±

√
λ2 − 2λ− 3
2λ

.

] 6%QN6�^T,%L_,/E`1N6 = ,%LMC/+Aab1N,@\_E�,@34?4+dce6F6S5f,	ab1N,`;F34+NE�2�E/ghO4+4?AJ�,T5 S1 i ?jO4+4?AJ4[ S2

= QN,@+A0%,@kl6�JmC�QN6�0F[�J�g%E�2�E�6�.@+4Rn[NQ4?A2�O4+4+oG�?@,/E�,@Q�2�K = ,�J4[N34+AJM2Y1�2�0	C@2�14+N6Zp	q�rts�u�vTw�xMqAy
s@z�{�|�}�~�qAyW�M}�uMq�|	z�w 9T� ,@34?�2 x∗ = Q4+��FE�,T5�1N6)+4;F3N6�0FJM2NG�,%LM1�2�?T,lC�6�J�+434+41�2 df(x∗)

dx
;�E�2�JM2

5f6%14g/kl6@GN3N6	5-��� 9] Q4+�L�2�J�g/1N6%\4kl6	5�[NC�6�J�+43N6%14+4+ λ = ,@;�J�6�L�,@C@2�E�6�J�g/1N,@;�E/g {xn} , = K4E/g�+A0�5f6%1AKA�
6FE/;�K 9 ] Q4+ λ = 1 +

√
6 = QN,@+4;(^@,%LM+NE�C�E�,@Q�2�K�.@+4Rn[NQ4?A2�O4+AK�[	LMC�,/6%14+AK = 6%Q4+4QN,%L�2 9� ,�0	14+4?A2�6FE�O4+4?AJ S4 c�;%5 9 G41�2 = Q4+�5f6%QoG : +4; 94��i G4E�2�?T,@\W3NE�,

a2 = f(a1), a3 = f(a2), a4 = f(a3), a1 = f(a4),

C�,@?4QN6%;�E/1N,@;�E/+�?T,/E�,@QN,@8�, = ,@;�J�6�L�,@C@2�E�6�J�g/1N,@;�E/+IE�,@3N6%? xm
= Q4+ m → ∞ [	L�,@C�J�6��

E/C�,@Q@K�XYE�[T;�J�,@C/+AK�5��
x4m → a1, x4m+1 → a2, x4m+2 → a3, x4m+3 → a4.

� C�6�J�+434+4C@2�K�L�2�J�6F6S0	1�2	3N6%14+AK = 2�Q�2/5f6FE/Q�2 λ GM5
B = ,�J4[N34+�5�O4+4?AJ�B S8 G S16 G S32

+�E�2�?hL�2�J�6F6 9 ] Q4+h�FE�,T5�?A2�a`LMBD\�Q�2�0�O4+4?AJ S2p E�6%Q@K46FES[T;�E�,@\434+4C�,@;�E/g4G = QN,@+4;(^T,FLM+NE
�



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

λ=3.5 

f

a
1
 a

3
a

2 a
4

S4 

x*
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���� ������$�����%&��
 � �
f(x, λ) = λx(1− x)

��� �
λ = 3.5

��� ��� 2
S4
�
a1 = 0.38282

�
a2 = 0.82694

�
a3 = 0.50089

�
a4 = 0.87500

� � ����� ��� � %0
���- ��� ��� �
x∗ = 0.71429

+&'�§�N$M�R*-=}�'*?_N/ �0=#26/"�'*?g;$6/M�'$#/ X-$9G']N�F8I=#&%�Q�'�021�5LF8IJ-="$#&02'$I2FZ?g}�'�R*7
S2p+1 t�.^-=R�#&"$6/}:9;�M�'v"$6/R�#2I=#&M$#�5[)>"�->Q$6/"�'�'

λ £ 6/�8#C'�"$#&�n X-g#2+2#=)>"�->Q�-=@!ICR*-=R λ∞ ¦ §]#&M�5�N.7�- £! &¦  X-J6GINDTC6g"$6/;$6/M�'$#/ �'�Q$6/FGR*N$@�;$#&FH7�6H �#&0&-JI=687�K2"$#&F8I2K {xn}
t

.^-J+=7�@4 X-J6>5�-.?{R*-=M$I2'�"�-U#&R*-.)>1`0&-J6GI2FZ?L#&Q$6/"�K�'�"$I=6/M$6/FG"$#&%:t<�k#JPi;$6/M�02143:9�0�;$#&M�->P
)>'$I=687�K2"$#\;�M$#&F8I=#&%L5�#G �687�' £¥¤>¦ ).-.7�#>TC6/"$#C#&Q$6/"�K�FH7�#/TU"$#26^;$#&0=6H �6/"�'$6&t��k#JPi0=I=#&M�143:90["$6/%�N/ X-J6GI2FZ?�;�M$#&FH7�6H �'$I2KW+2#=7�K2xy#26{R�#=7�'�Q$6/F8I20=#W+&'�§�N$M�R*-=}�'�%:94;�M�'�0=#/ �?�AC'D3�R
N�FH7�#>TU"$6/"�'�@�M$6/xy6/"�'*?Yt��� �687�-JI2KS�GI=#�0�+2#=7�6G6�FH7�#>TU"�143E5�#/ �687�?*3L �'�"�-25�'�Q$6/FGR�'D3
FG'�F8I=6>5¨�8#&M�-.)8 �#vI2M*N/ �"$6G6&tY��P¡I&M$6GI2K2'D3:9<;�M�'ERD-.T� �#�5�)>"�->Q$6/"�'�'

λ ∈ (0, λ∞)
FHN$Ay6HP

F8I20JN&6GIg6H �'�"�F8I20=6/"�"�1`%,N�F8I=#&%�Q�'�021`%v}�'�R*7�9�;$6/M�'$#/ SR�#2I=#&M$#&�8#CM�-=0=6/"
2p ' p ).-=02'�FG'$I#2I

λ
t���#2I=687�#&FGK,+&1 ;$#&"*?�I2K�9�Q$6>5��GI=#�021z)>0&-="$#�9�'{'*)GN$Q�'$I2K�;$#&0=6H �6/"�'$6y5�#/ �687�'L+2#JP

7�6G6_;$#/ �M$#2+&"$#�t
�y��� 2:���Y�����	�12 
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.^-=M&?* �NSF^#2I=#2+&M�-.TC6/"�'$6>5 £¥¤>¦ 9$N/ �#2+&"$#UM�-=FGF/5�#2I2M$6GI2K,#2I=#2+&M�-.TC6/"�'$6

xn+1 = f(f(xn)) ≡ f 2(xn). £�
2¦
��"�-=xC'D3S7�6/R�}�'*?*3�#2+,#/ �"$#�5�6/M�"�143�#2I=#2+&M�-.TC6/"�'*?*3

fn(x)
02F86/�  X-C+=N> �6GI,F8#2#2I20=6GI.P

F8I20=#&0&-JI2K
n
Pi%�'$I=6/M�-=}�'�'E§�N$"�R�}�'�'

f
t:� FH7�N$Q�-J6

f(x) = λx(1 − x)
02'D �§�N$"�R�}�'�'

f 2(x)
;$#&R*-.).-="�"�- � '�F2t � P �  �7�? λ = 2.8

'
1 +
√
5
t4 � �6/FGK

f 2(x) = f(y)
9��n �6

�



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

f2 

λ=2.8 

x*

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

x

y

f2 

λ=3.236 

x*a
1

a
2

��������� ��� � ����� ��� ����- 
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���- ��� ��� � ������� � ��� � ����� ��� �� ��� ��� 2
S2

y = f(x)
9$I=#U6/F8I2K

f 2(x) = λ · [λx(1− x)] · [1− λx(1− x)] .� '�F2t � F8#2#2I20=6GI2FG0JN&6GI]N�F8I=#&%�Q�'�0=#&%,"$6/;$#/ �02'*TU"$#&%,I=#&Q�R�6!;�M�' λ < 3
9 � '�F2t � �_N�F8I=#&%DPQ�'�0=#�5�NE}�'�R*7�N

S2 ;�M�' λ > 3
t��:M�-=§^'�R

f 2(x)
;$6/M$6/F86/R*-J6GI2Fn?(F\;�M&?�5�#&%

y = x
0=#

02F86H3U"$6/;$#/ �02'*TU"�143�I=#&Q�R*->3�#2I=#2+&M�-.Ty6/"�'*?
f(x)

9D-_IJ-=R*Ty6^0_I=#&Q�R*->3:9D;�M�'�"�-> �7�68T\->P
AC'D3L}�'�R*7�-25

S2 9�;$#2I=#�5�NLQ$I=#
a2 = f(a1) = f(f(a2)), a1 = f(a2) = f(f(a1)).

	 0=687�'�Q�'�0&-.?v;�-=M�-25�6GI2M
λ
9*5�1�M�-=F8I/?��G'�0&-J6>5�§�N$"�R�}�'�@

f 2(x)
0. �#=7�Kg#&FG'

y
t u 6/FH7�'

;�M�'�"$6/R�#2I=#&M$#�5{)>"�-/Q$6/"�'�'
λ
7�'�"�'�'

y = x
'
y = f 2(x)

;$6/M$6/F86/R*-=@!I2FZ?C0B#/ �"$#&%CI=#&QDP
R�6 £ F/5zt � '�F2t �2¦ 9GI=#!F�N$0=687�'�Q$6/"�'$6>5 λ 5�#&�HN*I�;$#>?�02'$I2K2FZ?^6/Ay6� �0=6�I=#&Q�R�'g;$6/M$6/F86/Q$6/"�'*?
£ F/5wt � '�F2t �&¦ t��]"�'DP¡I=#{'(+=N/ �N*I|#&;�M$6H �687�?�I2K|}�'�R*7 S2 t	��6/M$6H3�#/ S1 → S2 0�#2I=#2+JPM�-.TC6/"�'�'

f(x)
#2+=N�FH7�#&0J7�6/"SI=6>5w9�Q$I=#,#/ �"�-�'*)g"$6/;$#/ �02'*TU"�143LI=#&Q$6/RS#2I2#2+&M�-.Ty6/"�'*?

f 2(x)
I=6/M2?�6GI!N�F8I=#&%�Q�'�0=#&F8I2K�9='C0B6G64#&R�M$6/F8I2"$#&F8I2'\;$#/?�0J7�?�@!I2FZ?g �0=6w"$#&021w64N�F8I=#&%�Q�'DP

021w6�"$6/;$#/ �02'*TU"�1w6�I=#&Q�R�':t � -=FGF/5�-JI2M�'�0&-.?[§�N$"�R�}�'�'
f 4(x)

9
f 8(x)

'�I>t  	t 9	5�#>TU"$#
N$02'D �6GI2K�9`RD-=R�;�M$#&'�Fn3�#G �?�I�FH7�6H �N$@BAC'$6�N> �0=#26/"�'*?Yt`� R*-.T� �#�5�'*)(�GI2'D3�FH7�N$Q�-J6/0
#/ �"�-LI=#&Q�R*-|I=6/M&?�6GI|N�F8I=#&%�Q�'�0=#&F8I2K�9�'[;$#>?�0J7�?�@!I2FZ?( �0=6, �M*N$�G'$6UN�F8I=#&%�Q�'�021w6vI=#&QDP
R�':9D;$#2�GI=#�5�NU;$6/M�'$#/ S}�'�R*7�-_N/ �0&-='�0&-J6GI2FZ?Yt*�]M�'U�GI=#�5�0=#=)>"�'�R�"$#&0=6/"�'$6!N�F8I=#&%�Q�'�0=#&�8#
}�'�R*7�-E;$6/M�'�M$#/ X- 4 NW#2I=#2+&M�-.Ty6/"�'*? xn+1 = f(xn)

FG0J?$).-="$#�FS;$#>?�0J7�6/"�'$6>5  �0JN�3
N�F8I=#&%�Q�'�02143|}�'�R*7�#&0\NS#2I=#2+&M�-.TC6/"�'*?

f 2 'LQ$6GI21`M$6H3|"$6/;$#/ �02'*T,"�143|I=#&Q$6/R�N f 4 t� 6/%�F8I&0JN=?�IJ-=R�TC6&9XR*-=R�0vFH7�N$Q�-J6\"$6/;$#G �02'*TU"$#&%EI=#&Q�R�':9:5�#>TU"$#�;$#&R*-.).-JI2K�9<Q$I=#
N�F8I=#&%�Q�'�0=#&F8I2K!}�'�R*7�-

SP F��87�6>5�6/"$I.-25�' x1, . . . , xP
+=N> �6GI`#&;�M$6H �687�?�I2K2FZ?_§]#&M�5�N.7�#&%

∣

∣

∣

∣

dfP (xk)

dx

∣

∣

∣

∣

< 1, k = 1, . . . , P. £
	&¦
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���-0� � ����������� � ��2�-02���� ��� � ��� � �/� ����� ������$�����%&��
 � - xn+1 = f(xn, λ)
��� ���

f(x, λ) = λx(1− x)

�]M$#/ �'�§^§]6/M$6/"�}�'�M$#&0&-=0L§�N$"�R�}�'�@
fP (x)

9�7�6/�GR�#SN*+26H �'$I2K2FZ?Y9<Q$I=#�N�FH7�#&02'$6 £ 	&¦ �/RDP02'�0&-.7�6/"$I2"$#�"$6/M�-=0=6/"�F8I20JN
∣

∣

∣

∣

df(x1)

dx
× · · · × df(xP )

dx

∣

∣

∣

∣

< 1, £��&¦
R�#2I=#&M$#26\"$6C).-=02'�FG'$Iv#2IS"$#�5�6/M�-

k
I=#&Q�R�'E}�'�R*7�-

SP t u )C�GI=#&%�§]#&M�5�N.7�1 FH7�6H �N&6GI>9Q$I=#�0=687�'�Q�'�"�- ∣
∣

∣

dfP

dx
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∣

∣
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FH7�6H �'$I2KB).-B"�'�5�':9=;$#&F8I2M$#&'�5��GM�-=§^'�R

x(λ)
t2�]#B#&FG'

x
+=N/ �6>5�#2I2R*7�-> �1`0&-JI2K^R�#2#&M2 �'DP

"�-JI21�I=#&Q$6/R
x1, x2, . . . , xP

9.7�68T\-=AC'D3,"�-BN�F8I=#&%�Q�'�0=#�5E}�'�R*7�6&9&;$#^#&FG'
λ
�^)>"�->Q$6/"�'*?

;�-=M�-25�6GI2M�-$t�
]'�R*7�N
S2 +=N> �N*ILF8#2#2I20=6GI2F8I20=#&0&-JI2KS �0=6,I=#&Q�R�'�"�-v#/ �"$#&%(0=6/M$I2'�R*-.7�':9}�'�R*7�N
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