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ẏ = fx(xs) · y, y ∈ Rn, i©¨�l

]ªP"C
fx = (∂fi/∂xj) � 2n.�:�D�5�d�.^«�`�1�t�5r6n?M1�?M:�.0A�Y�C93�3�.ZR¬5=<
8�.0?M:�3�F>a�/�D#1�5=<M~

A019P 3�F>a­/#C9D�A01�]M1\/#1�D�R#P `�.�bcI#3�`�d�5�5
f(x) prq .0`­`=.0` i©¨�l R�A�Y�R�C@:�?_R�Y"5�3#C9B�3#1�B

?@5�?M:0CE2�1�B�?N/#1�?M:01ER�3�3�F�245
`�1�®9b�b�5�d�5#C93#:�.�245�A�5�Pf.
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y3



 , ikj ��l
]ªP"C

α < λ1 < 0, β > 0 p � Y�1�8�3�.ZR ?M:�D=I#`#:�I#D�.�2n.�:�D�5�d�FX/#10<EA010Y�R�C@:�1�:@P"CJ~
Y"5#:��oI#D�.0A�3#C93�5#CLP�Y�R

y1

1�:o1�?M:�.ZY"��3�F>a
P A�I�a p UNC9B�?M:�A�5#:0CMY"��3#1�6�?@5�?M:0CE2n. ikj ��l
�
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 ���
�"���"� � � ����!�� � �����"� �)
 � � � R3
�
λ1 � ����� � � �����  � ��� 	 λ2 	 λ3 � �)��#�� � � � � � ��� � ��� � �

®9`�A�5�A�.ZY�C93#:�3�.hP A�I�2+?@5�?M:0CE2n.�2+2�C93���QLC9B�D�.Z<Z2�C9D�3#1�?M:�5 �
ẏ1 = λ1y1,

[

ẏ2

ẏ3

]

=

[

α −β

β α

]

·

[

y2

y3

]

.

�¬Pf.03�3#1�2+?JY�I#8�.�CO1�t�KLC@C�D#C9QLC93�5#CO5�2�C@C@:%A�5�P

y1(t) = eλ1ty0
1,

[

y2(t)
y3(t)

]

= eαt
[

cos βt − sin βt
sin βt cos βt

] [

y0
2

y0
3

]

. ikj :�l
� < ikj :�l ?JY�CJP�I�C@:Z6�8#:01

√

y2
2(t) + y2

3(t) = eαt
√

(y0
2)

2 + (y0
3)

2.g&D#1�2�CL:01�]M1�6�P�Y�R�Y"¦Ht�1�B
:�D�.�C9`#:01�D�5�5r6�3�.E8�.ZY"��3�.ZR
:01�8�`=.o`�1�:01�D#1�B�3#CNY�CM��5#:
3�.e3#C9A0CJP�I#KLC9B�/=Y�1�?@`�1�?M:�5 i y2, y3 l 6�5�2�C@CE2

√

y2
2(t) + y2

3(t) = c |y1(t)|
ν

]ªP"C
ν = α/λ1

6v.
c =

√

(y0
2)

2 + (y0
3)

2/|y0
1|

ν p �c1�?@`�10Y"��`=I ν > 1
6r:01�A�?MC%:�D�.E~

C9`#:01�D�5�5�/�D�5#t0Y"5=�m.0¦;:�?ªR�`\:01�8�`�C
O

AZP"10Y"�%19P 3#1�2�C9D�3#1�]M1¤A0CJP�I#KLC9]M1%/#19P /�D#1�~
?M:�D�.03�?M:�A�.

EL � 1�?@5 y1 p 4 1�?M:01ER�3�5#C&D�.0A�3#1�A0C9?@5=Ro:�.0`=�hC�3�.Z<EFVA�.0¦H:����M�%wE}��=� �
�Z|�� � �Eu"w�� i ?92 p�� 5�? p
<�l�p�µ:�D#C@:��0CE2 ?JY�I#8�.�C\/�D�5

λ3 < α < 0
A0C9KLC9?M:�A0C93�3�.ZR �L1�D�Pf.03#1�A�.­b&1�D�2n.

5�2�C@C@:%A�5�P




α −β 0
β α 0
0 0 λ3



 .
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R3
�
λ1 	 λ2 � �)��#�� � � � �" ��� � ��� � � 	 λ3 � ����� � � �����  � ���

4 1�?M:01ER�3�5#CHD�.0A�3#1�A0C9?@5=R (0, 0)
3�.Z<EFVA�.�C@:�?_R\���M�%wE}��=� �Z|�� 5�wEx����@w�� p �­Pf.03�3#1�2

?JY�I#8�.�CO1�t�KLC@C�D#C9QLC93�5#CO5�2�C@C@:%A�5�P
y1(t) = eαt

(

y0
1 cos βt− y0

2 sin βt
)

,

y2(t) = eαt
(

y0
1 sin βt + y0

2 cos βt
)

, ikj�<�l
y3(t) = eλ3ty0

3.

� <ND�.0A0C93�?M:�A ikj�<�l ?JY�CJP�I�C@:Z6�8#:01
√

y2
1(t) + y2

2(t) = eαt
√

(y0
1)

2 + (y0
2)

2.UOY�R
Y"¦Ht�1�B
:�D�.�C9`#:01�D�5�5[6�3�.E8�.ZY"��3�.ZR�:01�8�`=.o`�1�:01�D#1�B�3#CLY�CM��5#:±3�.oA0CJP�I#KLC9B
/=Y�1�?@`�1�?M:�5 i y1, y2 l 6�5�2�C@CE2

√

y2
1(t) + y2

2(t) = c |y3(t)|
ν, ikj
��l

]ªP"C
ν = α/λ3

6f.
c =

√

(y0
1)

2 + (y20)2/|y0
3|

ν p � ?M1�1�:�3#1�QLC93�5�5 ikj
��l AePf.03�3#1�2?JY�I#8�.�C
ν ∈ (0, 1) p 4 Y�CJP"1�A�.�:0CMY"��3#1�6�A�?MCc:�D�.�C9`#:01�D�5�5r6=P�Y�R�`�1�:01�D�F>a

c 6= 0 i :01C9?M:��L:�D�.�C9`#:01�D�5�5r6#3�.E8�.ZY"��3�F7Cc:01�8�`�5±`�1�:01�D�F>a±3#CHY�CM�e.�:m3�.O1�?@5
y3 l 6�1�?M:�.0¦H:Z~?_ReA�3#C719P 3#1�2�C9D�3#1�]M1�/#1@P /�D#1�?M:�D�.03�?M:�A�.

ESS
5e?M:�D#CE2�R�:�?_Re`h:�1�8�`�C

O
60`=.0?9.ZR�?@�

/=Y�1�?@`�1�?M:�5
(y1, y2)

69`=.0`L/#1�`=.Z<Z.03#1H3�. � 5�? p��#p �
Pf.03�3#1�2�?JY�I#8�.�C�1�?@�
y3

3�.Z<EFVA�.E~
¦H:¤{ �@�0�J�Z���e�=�³{"y��0�#y��@u �J{�� �k��6=.�/=Y�1�?@`�1�?M:��

(y1, y2) � �0�J�Z�����J}\�=u"wZ�Mx�wZ�M�ez��
EL pgc1�] Pf.;a=.0D�.0`#:0C9D�5�?M:�5�8#C9?@`�5#Cc`�1�D�3�5%C9?M:��N`=.0`�?JY�C9A�.#60:�.0`¤5�?@/�D�.0A�.&1�:h2�3�5�~
2�1�B�1�?@5r6V:01 ?M1�?M:01ER�3�5#CTD�.0A�3#1�A0C9?@5=R�R�A�Y�R�C@:�?ªR�Y"5#t�1,?MCJP�Y�1�276VY"5#t�1,?MCJP�Y�1�~
b&1�`=I�?M1�2 i 3�.Z<EA�.03�5#C&Pf.ZY�� p �;I�.03�`=.0D#C l�p
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 � � #��"�  ��# � � ����!�� � ��� # ����
 ����� � ��� �  �� ������#

Es
� � 
  ��#��"�  ��#

 ��� � ����!�� � ����#9����
 ����� � ��� �  �� ������#
Eu

� .0?@?92�1�:�D�5�2 ��l ?JY�I#8�.0Br6�`�1�]ªPf. λi � A0C9KLC9?M:�A0C93�3�F�5
λ1 > 0

6
λ3 < λ2 < 0 p

q 1�]ªPf.²?M1�?M:01ER�3�5#C�D�.0A�3#1�A0C9?@5=RT~±�9�J�@u"wE6n/�D#1�5�?ªa�19P 5#:^?ª�e.�:�5#C�bO.Z<91�A01�]M1­/�D#1�~
?M:�D�.03�?M:�A�.%/#1mP A�I�2+3�.0/�D�.0A�Y�C93�5=R"2+5�D�.0?M:@R#�hC93�5#C � /#1%:�D#C@:��0CE2�I i�� 5�? p ��l�pSct�KLC@C
D#C9QLC93�5#C�:�.0`=�LC�<Z.EPf.�C@:�?_R b&1�D�2�IEY�1�B ikj ��l�p �c1�?@`�10Y"��`=I λ1 > 0

6
λ3 < λ2 < 0

6¢:01�/�D�5
t → +∞

`�1�1�D�P 5�3�.�:�F
y2

5
y3

®9`�?@/#1�3#C93�d�5�.ZY"��3#1
I�2�C93���Qm.0¦H:�?_RGP"1�3=IZY�R[6�.
`�1�1�D�P 5�3�.�:�.

y1

?M:�D#CE245#:�?_R¥`^t�C9?@`�1�3#C98�3#1�?M:�5r6	C9?�~
Y"5

y0
1 6= 0 p 4 P D=I#]M1�BG?M:01�D#1�3�F�6	`�1�1�D�P 5�3�.�:�.

y1

I�2�C93���Qm.�C@:�?_R�P"1�3=IZY�R^/�D�5
t→ −∞ p 4 Y�CJP"1�A�.�:0CMY"��3#1�6"A�?MC�:�D�.�C9`#:01�D�5�5[6 /#10Y"3#1�?M:���¦ Y�CM�e.0Kh5#CNA����M�%wE} �
�=� ��w�� �"wE�Z�0�fwZ�M�c�=y�{"�M���0�

Es = {y ∈ R3 : y1 = 0}
6�?M:�D#CE2�R�:�?_RT` ?MCJP�Y�I

/�D�5�A010<ED�.0?M:�.03�5�5
t→ +∞

6".m:�D�.�C9`#:01�D�5�5r6�Y�CM�e.0Kh5#CNA\{ �J���M�%wE}��=� ��w��°�"wE�	�
�0�fwZ�M�c�=y�{"�M���0�

Eu = {y ∈ R3 : y2 = y3 = 0}
6�?M:�D#CE2�R�:�?_R ` ?MCJP�Y�I^/�D�5

t→ −∞ p#q D�.�C9`#:01�D�5�5�A�3#C
Es ∪Eu /�D#1@a�19P�R�:%A0t0Y"5=<E5�?MCJP�Y .#6#3#1�245�3=I�R�C9]M1 p-�.0]ªY�R=P 3#1�P A�5=�hC93�5#CebO.Z<91�A01�B�:01�8�`�5²2�1E��3#1\/�D#CJP ?M:Z.0A�5#:���`=.0`�?JI#/#C9D�/#1�~

<E5�d�5�¦ P A�5=�hC93�5�B­bO.Z<91�A�F>a�:01�8#C9`­/#1\/#19P /�D#1�?M:�D�.03�?M:�A�.�2
Eu 5

Es p � 2�C@C@:Z~?_RoAmA�5�P�I¤?JY�CJP�I#¦;KLC@C p ULA�5=�hC93�5#C;Y"¦Ht�1�B±bO.Z<91�A01�B¤:01�8�`�5 (y1(t), y2(t), y3(t))/�D�5L5=<Z2�C93#C93�5�5
t
:�.0`�1�A01�6Z8#:01c/�D#1�C9`�d�5=R

(0, y2(t), y3(t))
bO.Z<91�A01�BO:�D�.�C9`#:01�D�5�5

/�D#CJP ?M:�.0A�Y�R�C@:OP A�5=�hC93�5#Cc/#1h/#19P /�D#1�?M:�D�.03�?M:�A�I
Es

6�.N/�D#1�C9`�d�5=R
(y1(t), 0, 0) �P A�5=�hC93�5#CLbO.Z<91�A01�B�:01�8�`�5�/#1�/#19P /�D#1�?M:�D�.03�?M:�A�I

Eu p
q D�.�C9`#:01�D�5�5G?@5�?M:0CE24F A0t0Y"5=<E5¬�9�J�@u"w���5�wEx����ªyhP�Y�R

λ1 > 0
6
λ2,3 = α ± iβ

6
α < 0

6
β > 0

6	A0CJP�I=:�?MC@tER^.03�.ZY�1�]@5�8�3#1 i ?92 p � 5�? p�j � l�p�� 1�D0Pf.03#1�A�.
b&1�D�2n.
2n.�:�D�5�d�F§5�2�C@C@:%A�5�P





λ1 0 0
0 α −β
0 β α



 .

� P 5�3�?M:�A0C93�3#1�C­1�:9Y"5�8�5#C­<Z.0`=Y"¦;8�.�C@:�?_R A :01�27678#:01�A¥?JY�I#8�.�C²?MCJP�Y�1�~ b&1�`=I�?9.
:01�8�`=.

O
R�A�Y�R�C@:�?_RoA

Es i I�?M:01�B�8�5�A01�2 /#19P /�D#1�?M:�D�.03�?M:�A0C l � I�?M:01�B�8�5�A�F�2 b&1�~
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`=I�?M1�2 p
4 Y�I#8�.05 j � � � � ?@A019P�R�:�?_Re`e?JY�I#8�.ZR"2 j � � /=I=:0CE2�<Z.�2�C93�F

t
3�.
−t

6�:01�C9?M:���5=<M~
2�C93=R�C@:�?_Rh3�.0/�D�A�Y�C93�5#C P A�5=�hC93�5=Re5=<91�t�D�.Z�m.0¦;Kh5�ah:01�8#C9`h/#1&bO.Z<91�A�F�2�:�D�.�C9`�~
:01�D�5=R"2 p 4 Y�CJP"1�A�.�:0CMY"��3#1�603�.cD�5�?JI#3�`=.Ea : � j � 3=I���3#1&Y"5�Qh�;<Z.�2�C93�5#:��&?M:�D#CMY"`�5
3�.e/�D#1�:�5�A01�/#10Y�1E�¤3�F7C p
7 y���y��#y ¨ � -�.0D�5�?M1�A�.�:��%bO.Z<91�A�F7CO/#1�D#:�D#C@:�F§A%?JY�I#8�.ZR=a :�l 6 <�l 6 ��l 6 ��l�p
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