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[

λ0 1
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α −β
β α
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[

eλ1t o
0 eλ2t

]
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[

eλ0t o
0 eλ0t

]

,

(c)

[

eλot teλ0t

0 eλ0t

]

, (d) eαt
[

cos βt − sin βt
sin βt cos βt

]

, β > 0.
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(A− λ · E)uj = 0, j = 1, 2.
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ẏ1 = λ1y1, ẏ2 = λ2y2, U#"DX
>�?Dsm1;1TCF1Blm1B:�NF1TG�>�HA>DCF>DM$N(6�1;1;H�L�N�/
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= kyγ1 ,
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γ+1
1

i�.�2(1k/*>DLD45HA132*c�:F>(h(_�C�N
y1 → 0
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{
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 �����9�� =
��"��#�

U � N�8�i*� X i �KHA>�H�o�@B132Eo�83HA>DM�<�N�L�_�C�N λ0 < 0
N :F13o�83HA>DM�<�N�L�_�C�N

λ0 > 0
i

� 4A8;8B6�>�H�C�N(6 8k2�oF<(4AM-h	GD> Z /x4�6"45HDC�N�](4 J :F1�/�N(4 Z >D:(4=2*c�:(4=a�h�HA>�1B83H�c$N(6�1ke1;H,L�N�/ U � X NY@ U��DX iR� > Z /x4 rank(A − λ0E) = 1
N-hR8k2(1k/*>DLD45HA132*c�:F>(hp:F1�8ko�e

sm1B83H�L5oD1;Hd/�L5o�J 2*N�:F1BM�:F>�:F13@=4AL�N�8;N(6"IKJ 83>�?D83H�LA1B:�:�IKJ�LA1BGFHA>DCF>DL�i � o�83H�c
u0 [83>�?D83H�LA1B:�:�IRM,N

u1 [ _�C�N�83>�1k/�N�:F1B:�:�IRMuLA1BGFHA>DC-h\HA>�1B83H�c (A − λ0E)u0 = 0N
(A − λ0E)u1 = u0

i � CF1;>�?DC(4=@B>DLD4A:�NF1
x = Py

>D_�CF1k/*132�a�1;H�8ra�6\45H�C�N�]F1BM
P = [u0, u1]

h(G�>�HA>DC(4=a$83>D83HA>DNFH�NY@mLA1BGFHA>DC�e 83HA>A2(?D]F>DL
u0

N
u1

hFH54AG$<FHA>
AP = [Au0, Au1] = [λ0u0, λ0u1 + u0, ] = PJ,
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y
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a b

2 2

1
1

������� 	 ��� � ��� � � � ���� � ������ � ��� λ1 = λ2 = λ0

� � �� �����������
��� � � ��� λ0 > 0
��� ���  ���������������� � � ��� λ0 < 0

�! �
N 8;N�83HA176\4

ẋ = Ax
_F1BCF1kJ�>;/�NFH�L�8;N�83HA176�odoFC(4AL�:F1B:�N�M

ẏ1 = λ0 y1 + y2, ẏ2 = λ0 y2, λ0 6= 0. UWV�V7X
�KH54�8;N�83HA176\4�N(6�1;1;H�>�?Dsm1;1�CF1Blm1B:�NF1

y1(t) = (c1 + c2t) e
λ0t, y2(t) = c2 eλ0t, c1, c2 ∈ R. UWV7v�X

| f HA>�6�8k2�oF<(451�:(47<(4=2(>^G�>�>DCA/�N�:(45H�:(4=@7IRLD451;H�8 a  )61� ��� 54������6 � =
��"��#� h�>D:o�83HA>DM�<�N�LE_�C�N

λ0 < 0
N :F13oD83HA>DM�<�N�LE_�C�N

λ0 > 0 U � N�8�i ��X i-|K831^H�C(451BGFHA>DC�N�N83H�CF176�a�H�8ra�G�:(47<(4=2�ouG�>�>DC�/�N�:(45H!_�C�N
t → +∞ U NY2*N t → −∞ X h�GY4A8B4=a(8;c>D8;N

y1 [ 83>�?D83H�LA1B:�:F> Z >�_F>B/�_�CF>D83H�C(4A:�83H�LD4Fh*83>�>�H�LA1;H�83H�L5oFq�sm1 Z >�83>�?D83H�LA1B:�:F>�6�oLA1BGFHA>DCYo
(1, 0)T

6\45H�C�N�]�I
J
i

O{HD6�1;H�N(6ph�<FHA>nG�C�N�LD4=a�h*:(4�G�>�HA>DCF>DM�NY@=6�1B:Ya�1;H�8ra�:(4A_�C(4AL52(1B:�NF1T/�L�N(^1B:�NYa
g 4=@B>DL�IKJ$HA>D<F1BG�_F>�HDC(451BGFHA>DC�NYa*6u8;N�83H�176�I UWV�V7X >�HD:F>D8;NFHA132*c�:F>�>D8;N y1

h [ f HA>Z 1;>�6�1;H�C�N�<F1B8;G�>�1�6�1B83HA>tHA>D<F1BG f G�83H�CF176�o�6\4 g oF:�G�]�N�N y1(y2)
hDG�>�HA>DCF>�1`@=47/x451;H=e

8ra oFC(4AL�:F1B:�NF176
ẏ1 = 0

i��KHA>�_�CDa*6\4=a
y2 = −λ0y1

h G�>�HA>DC(4=a�a(L52�a�1;H�8ra � "��! ��
����B � �!����"�������B 8;N�83HA176"I UWV�V7X N�NY@B>�?DC(4)(^1B:(4�_YoF:�GFH�N�C�:�>DM�2*N�:�NF1BM!:(4 � N�8�i
�
i |�HA>DC(4=a Z 2�4AL�:(4=a�NY@B>DGY2*N�:(4�8;N�83HA176"I UWV�V7X @=47/x451;H�8ra oFC(4AL�:F1B:�NF176 ẏ2 = 0

N
83>DL�_(47/x451;H�8�>D8;c�q

y1

i
��� ��� y{>�6"_Y2(1BG�8;:�Ip1T83>�?D83H�LA1B:�:�Ip1�@7:(47<F1B:�NYa

λ1,2 = α± i β
h
β > 0

i
| f HA>�6 8k2�oF<(451T_�CF1;>�?DC(4=@B>DLD4A:�NF1 x = Py

h Z /*1

P =

[

a11 − α −β
a21 0

]

,

_F1BCF1BLA>B/�NFH�8;N�83HA176�o
ẋ = Ax

L�8;N�83HA176�odoFC(4AL�:F1B:�N�M
ẏ1 = α y1 − βy2, ẏ2 = βy1 + α y2, UWV � X

���



y y y

y y

y

a b c

2 2 2
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������� �'��� ��������� �	� ���� � � ������� 
��� � � ��� λ1,2 = α ± iβ
� � �� �����������
��� ��� � �  � � ��� α > 0��� ��� � � � � � � ��� α = 0

�! ���  ��������������� ��� � �  � � ��� α < 0
��� �

HA>�1B83H�c8(^>DCA/x4A:F>DLD4 g >DC(6\4 J 6\45H�C�N�]�I A
N(6�1;1;H�L�N�/ U �*X NY@ U��DX iQT2�auHA> Z >(h�<FHA>�?DI /*>DGY4=@=45H�c�h�<FHA> 6\45H�C�N�](4

P
:F1 L�IRCF>�(�/*1B:(4Fh�@=4A_�N�lm176

/�N�8;G�C�N(6"N�:(4A:FH
∆
J�4AC(4AGFHA1BC�N�83H�N�<�1B8;GD> Z >�oFC(4AL�:F1B:�NYa U���X L�8k2(1k/(oFq�sm1769L�N�/*1

∆ = (a11 − a22)
2 + 4a12a21.

| 8k2�oF<(451�G�>�6"_Y2(1BG�8;:�IKJ 83>�?D83H�LA1B:�:�IKJ�@7:(47<F1B:�N�M
∆ < 0

h�HA>E1B83H�c
a12a21 < 0N-h-8k2(1k/*>DLD45HA132*c�:F>(h

a21 6= 0
i � >D8;G�>A2*c�GYo

2 β =
√

|∆| > 0
hxHA>�6"I�_F>A2�oF<(45176

detP = β a21 6= 0
i

� 1Blm1B:�NYa�6�N 8;N�83HA176"I UWV � X ?Ao7/(oYH�LA1BGFHA>DC�e g oF:�G�]�N�N
(

y1

y2

)

= eαt ·
(

cos βt − sin βt
sin βt cos βt

)

·
(

c1
c2

)

. UWV ��X
|�>A@=6�>�(�:�Ip1TH�N�_�I g 4=@B>DL�IKJ _F>DCFH�CF1;HA>DL�/x4A:�I :(4 � N�8�i

�
i

' 8k2*N
α 6= 0

hKHA> :(4B<(4=2(> G�>�>DC�/�N�:(45H9:(4=@7IRLD451;H�8ra ; ��� = �/�#� hp:F13o�83HA>DM�<�N�eL�Ib6�_�C�N
α > 0 U � N�8�i � h �DX NY2*N�o�83HA>DM�<�N�L�Ib6�_�C�N α < 0 U � N�8�i � h � X i
	�:F> Z /x4Z >DLA>DCDa�H=h-<FHA> g 4=@B>DL�IRM�_F>DCFH�CF1;H$83>D83HA>DNFH$NY@ ���:�:��" �9�	 ��4$ . ��B NY2*N �4�	�������� �	 ���$ . ��B �����4���"�� h*_F>D8;G�>A2*c�GYo�2*q`?�4=a H�C(451BGFHA>DC�NYa�h�@=4�N�8;GY2*q�<F1B:�NF176 :F1B_F>5e/�L�N(�:F>DM$HA>D<�G�N-h*N(6�1;1;H�L�N�/�8;_�N�C(4=2*N-hF@=4AG�CYoF<F1B:�:F>DM$_�CF>�H�N�L�<(4A83>DLA>DME83H�CF132Fe

G�N-i � 4AC(4�6�1;H�C
β
>D_�CF1k/*132�a�1;H�o Z 2(>DL5oFq 8;GD>DCF>D83H�c�HA>D<�G�N$:(4�8;_�N�C(4=2*N-i

' 8k2*N
α = 0

h7HA>�:(47<(4=2(>�G�>�>DC�/�N�:(45H�:(4=@7IRLD451;H�8ra % ������� �#� N g 4=@B>DL�IRM^_F>DC�eH�CF1;H!83>D83HA>DNFH�NY@ GD>D:FH�N�:Yo�o�6\4�G�>D:�]F1B:FH�C�N�<F1B8;G�N�Ju>DG�CYo (�:F>D83HA1BM U � N�8�i � h�� X i�KHA>,1k/�N�:�83H�LA1B:�:�IRM 8k2�oF<(4AM-hRG�> Z /x4!L!2*N�:F1BM�:�IKJ 8;N�83HA176\47J ORQTS LA>A@7:�N�GY47e
1;HE_F1BC�NF>B/�N�<F1B8;G�>�1^/�L�N(m1B:�NF1Di � 1BC�NF>B/�C(4ALA1B:

T = 2π/β
i��{1B:FH�C [ �	� � � =�- ���

�/�)�����������	�&��! )���� 4������ h*_F>D8;G�>A2*c�GYo 83>�?D83H�LA1B:�:�Ip1�@7:(47<F1B:�NYa N(6�1Bq`H�:Yo72(1BL5oFq/*1BM�83H�L�NFHA132*c�:YoFq�<(4A83H�c�i
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������� � ��� � � ����� � � � � � � � � � � �� � ������ � ����� ��� � � � ���� �	� �	� � � ������������� (y1, y2)
��� � ���	�� � �����'������� � � � ����� ���� � x = Py

�� �
	 &*� ��� ����� � %��F%������ '������������u����������� 	 
� �&z�	' � ��� � ���F�

% 4=@B>DL�IRM _F>DCFH�CF1;H�_�CF>DNY@7LA>A2*c�:F>DM�2*N�:F1BM�:F>DM 8;N�83HA176"I
ẋ = Ax

6�>�(�:F>
_F>A2�oF<�NFH�c�NY@ g 4=@B>DLA> Z >m_F>DCFH�CF1;H54^83>�>�H�LA1;H�83H�L5oFq�sm1BMdGY4A:F>D:�N�<F1B8;GD>DMd8;N�83HA176"I
ẏ = Jy

8 _F>�6�>Ds^c�q _�CF1;>�?DC(4=@B>DLD4A:�NYa
x = Py

i C�4A_�C�N(6�1BC-h\GY4A:F>D:�N�<F1B8;GY4=a
8;N�83HA176\4

ẏ1 = y1, ẏ2 = −y2N(6�1;1;H g 4=@B>DL�IRME_F>DCFH�CF1;H7h(NY@B>�?DC(4)(^1B:�:�IRME:(4 � N�8�i
�
h 4Fi � 4A8;8B6�>�H�C�N(6phFGY4AGnNY@3e

6�1B:�NFH�8ra g 4=@B>DL�IRM _F>DCFH�CF1;H�L�CF13@;o=2*cBH545HA1m_�CF1;>�?DC(4=@B>DLD4A:�NYa x = Py
h Z /*1

P = [u1, u2] =

(

2 1
1 3

)

.

� >D8;G�>A2*c�GYo
x = y1 ·u1+y2 ·u2

h�HA>
y1

N
y2

a(L52�a(q`H�8ra�G�>�>DCA/�N�:(45H54�6"N�HA>D<�G�N
x>�H�:F>D8;NFHA132*c�:F>t?�4=@7N�8B4 {u1, u2}

hA83>D83H54AL52(1B:�:F> Z >TNY@b83HA>A2(?D]F>DLt6\45H�C�N�]�I P
i9C�47e

_F>�6":�N(6phD<FHA>
u1

N
u2 [ 83>�?D83H�LA1B:�:�Ip1bLA1BGFHA>DC�I�6\45H�C�N�]�I A = PJP−1

iD��4AG�N(6
>�?DC(4=@B>�6ph*>D8;N

y1

N
y2 [ f HA>E_�CDa*6"Ip1Dh�_�CF>BJ�>;/(a(s^NF1�<F1BCF13@�:(47<(4=2(>nG�>�>DC�/�N�:(45H:(4t_Y2(>D8;G�>D83H�N U x1, x2 X N�N(6�1Bq�s^NF1Dh�83>�>�H�LA1;H�83H�LA1B:�:F>(h�:(4A_�C(4AL52(1B:�NYadLA1BGFHA>DCF>DL

u1

N
u2

i
� C�N�:F1BL�IRCF>�(�/*1B:�:F>�6�2*N�:F1BM�:F>�6�>�HA>�?DC(4)(^1B:�N�N

P
H�C(451BGFHA>DC�N�NdGY4A:F>D:�N�<F1ke

8;G�>DM 8;N�83HA176"I
ẏ = Jy

_F1BCF1kJ�>B/(a�HELdH�C(451BGFHA>DC�N�N�8;N�83HA176"I
ẋ = Ax

h _�C�N�<F176
>DC�NF1B:FH54A]�NYa�:(4`H�C(451BGFHA>DC�NYaYJ�83>BJ�C(4A:Ya�1;H�8ra�iA|�<(4A83H�:F>D83H�N-hA:(4A_�C(4AL52(1B:�NYa�831B_(47e
C(45H�C�N�8K:(4b_Y2(>D8;G�>D83H�N U x1, x2 X @=47/x4Aq`H�8ram83>�?D83H�LA1B:�:�Ib6"NtLA1BGFHA>DC(4�6"Nm6\45H�C�N�]�I
A U 8B6pi � N�8�i � h�� X i C�4A_�C(4AL52(1B:�NYa�LA1BGFHA>DCF>DL u1

N
u2

:(4=@7IRLD4Aq`H�8 a � "��! )��6 ���
�����4��! /" ��������� i

� D



	�@n8;LA>DM�83H�L�_�CF1;>�?DC(4=@B>DLD4A:�NYa
x = Py

8k2(1k/(oD1;H7h�<FHA>�J�>�HBa g 4=@B>DL�IRM�_F>DC�eH�CF1;H�GY4A:F>D:�N�<F1B8;G�>DMm8;N�83HA176"I�_�C�NmH54AGD>�6�_�CF1;>�?DC(4=@B>DLD4A:�N�NmN�8;GY4)(�451;H�8ra�h=:(47<(47e
2(>�G�>�>DC�/�N�:(45H�_F>5e _�CF1�(�:F176�om>D83H5451;H�8ra�:F1B_F>B/�L�N(�:F>DM�HA>D<�G�>DM�N^H�N�_ g 4=@B>DLA> Z >_F>DCFH�CF1;H54�:F1d6�1B:Ya�1;H�8ra�i QmCYo Z N(6"N�8k2(>DLD4�6"N-h 2*N�:F1BM�:�Ip1d_�CF1;>�?DC(4=@B>DLD4A:�NYa�83>5eJ�C(4A:Ya(q`H�G�47<F1B83H�LA1B:�:F>�1t_F>DLA1k/*1B:�NF1TCF1Blm1B:�N�Mn2*N�:F1BM�:�IKJ$8;N�83HA176,ORQTS`i
��&*%�&������F%���������������� � %��F%�����'�������� � ���������������  � + � 	�
�

|K831�_F>A2�oF<F1B:�:�Ip1�CF13@;o72*c7H545H�I�>E_F>DLA1k/*1B:�N�N CF1Blm1B:�N�M 8;N�83HA176"I ORQTS /(2�a
n = 2

6�>�(�:F>{>�H�C(4=@7NFH�c�L ���#� ���?�����	� 
 ������� � �����	� �1���3� i=�RN�_ g 4=@B>DLA> Z >{_F>DC�eH�CF1;H54^/�N�:(4�6"N�<F1B8;G�>DM 8;N�83HA176"I
ẋ = Ax

>D_�CF1k/*132�a�1;H�8ra 83>�?D83H�LA1B:�:�Ib6"Nd@7:(47<F1ke
:�NYa*6"N

λ1

N
λ2

6\45H�C�N�]�I
A
NY2*N-h�<FHA>mHA>�(m1{8B4�6�>�1Dh5/�L5o�6�ad_(4AC(4�6�1;H�C(4�6"N

trAN
detA

i � 4A8;8B6�>�H�C�N(6�_Y2(>D8;G�>D83H�c
(trA, detA)

NnL�IK/*132*N(6�:(4^:F1BM�>�?A2�4A83H�N-hFL
GY4)(�/*>DM�NY@{G�>�HA>DC�IKJ�H�N�_ g 4=@B>DLA> Z >t_F>DCFH�CF1;H54T>B/�N�:�N�HA>�H?(m1b/(2�a�L�831kJ�HA>D<F1BG>�?A2�4A83H�N-i � CF1�(�/*1�L�831 Z >(h�_F>D83H�CF>DN(6�G�C�N�L5oFq ∆ = 0

h C(4=@3/*132�a(q�stoFq 6�:F>�(^1ke
83H�LD4Fh*83>�>�H�LA1;H�83H�L5oFq�s^NF1T/*1BM�83H�L�NFHA132*c�:�Ib6uN$G�>�6"_Y2(1BG�8;:�Ib6,<�N�8k2�4�6

λ1

N
λ2

i
�KHA>,_(4AC(45?�>A2�4

(trA)2 − 4 · detA = 0
hj:�N(^1�G�>�HA>DCF>DM�/�N�8;G�C�N(6"N�:(4A:FH

∆_F>A2(>�(�NFHA132(1B:-h�4�L�IRlm1 [ ∆ < 0
i

� 4A8;8B6�>�H�C�N(6 8;:(47<(4=2�4dHA>D<�G�N-h�LEG�>�HA>DC�IKJ
∆ > 0

i HA> 1B83H�c
λ1

N
λ2 [ /*1BM�e83H�L�NFHA132*c�:�Ip1�<�N�8k2�4Fi ' 8k2*N

detA < 0 U :�N(�:YaFaz_F>A2�oF_Y2(>D8;G�>D83H�c$:(4 � N�8�i ��X hHA>
λ1

N
λ2
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N

trA > 0
h�HA>

λ1

N
λ2
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trA < 0

hFHA>�o�@B132Eo�83HA>DM�<�N�L�IRM U 8B6pi � N�8�i V h�� X i|!HA>D<�GY47J-hYC(4A8;_F>A2(>�(^1B:�:�IKJdL�IRlm1{_(4AC(45?�>A2*I
∆ = 0

:(4t_(4AC(4�6�1;H�C�N�<F1B8;G�>DM
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detA > 1/4·(trA)2 hBHA>`1B83H�cp/�N�8;G�C�N(6"N�e:(4A:FH{JY4AC(4AGFHA1BC�N�83H�N�<F1B8;G�> Z >�oFC(4AL�:F1B:�NYa�>�H�C�N�](45HA132(1B:�N λ1
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