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dx

dt
= ẋ = f(x), LNM6O

P 2�4 x = x(t) Q A;43IR>;S�7�TRS;U6T*96V�T*9XW'YZ0RT�I�[�@\W�TR4KUX9;A�@�:<@*5�S�]_^R437R465�43T�TRS�] t ∈ R

L S�`�aFV�TRScb<>;ScA�7R465�W Oed x = (x1, . . . , xn) d f : U → Rn Q Pgf 962�I\9XWhYZ0RT�I�i[�@\W d S�^�7R4j2�4 flk43T�T*9XWmT*9nTR43I�S�>;S�7RS�5�^RS32o5,TRS6pq43:K>�A;4 U ⊆ Rn d f = (f1, . . . , fn) rsn0RT�I�[�@\W
f(x)

AZI\9Xp#2�S�]q>;S�V�I�4
x ∈ U

S�^�7R4j2�4 f W�4<>ZA;43IR>;S�7q:<I�S�7RS�:K>�@q@\UX5�43TR4jiT�@\WtI�S�S�7�2�@�T*9?>q>�S�V�I�@ r /1062�465 P S�A;S�7�@R>�B d VR>;S'u;vjw�xzy|{�}�y?v�~�y���v f P 43TR437�@�7\0�4<>~�y6xzy6w
ϕt : U → Rn d P 2�4 ϕt(x) = ϕ(t, x) Q Pgf 962�I\9XW#YZ0RT�I�[�@\W d S�^�7R4j2�4 flk43T�T*9XW2 f W_A�:K4j� x ∈ U
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A#TR43I�S�>;S�7RS�5%@�TR>;437�A�9 f 4 I = (a, b) ⊆ R d @ ϕ

032�S�A f 4<>�A;S?i7�W�4<>#0R7*9;A�TR43T�@�� LNM6O A�>;S�5.:35,aF: f 4 d VR>;S
d

dt
(ϕ(t, x))t=τ = f(ϕ(τ, x)). L���O

� 9�5�4<>�@*5 d VR>;StA�S�` f 9;:K>�@'S�^�7R4j2�4 f 43T�@\W ϕt
062�S�A f 4<>�A;S�7�W�4<> P 7\0R^�^RS�A�a�5h:<A;S�]�i:K>�A�9�5

(i) ϕ0 = E,

(ii) ϕt+s = ϕt ◦ ϕs.

En43]�:K>�A�@R>;4 f B�TRS d ϕ0
S�:K>X9;A f W�4<>tI\9Xp#2*0R��>;S�V�I\0

x ∈ U
T*9m5�43:K>;4 r�� S�V�I\9 y =

ϕs(x) L�� @�: roM6Oed AqI�S�>;S�7\0R� x
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t
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z = ϕt(y) d A�I�S�>;S�7\0R� x
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t+ s d>;S�43:K>�B
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S�>;S�`�7*9Xp�43T�@R4

x

s

t

y

z

¤�¥X¦e§�¨j©?ª�«­¬�®N¯X®N¯X¥X®±°1²�«­³j´jµ�¶Z·<³j³j¸e¹�¥X¯?²�º�»X¸X³j¼X®N¦N¦­²½¦,ºj®N¾X®N¯X¥X®N¬_´j¸X®N¬�®N¯X¥

¨



ϕt : U → Rn W*A f W�4<>�:gWm2�@�Y�Y 4<S�5�S�7�Y�@\UX5�S�5 d >;SD43:K>�BzA?UX9;@*5,TRS�S32�TRS;U6T*96V�T�a�5@m2�@�Y�Y 437R43T�[�@�7\0�465,a�5 r
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R→ R d >;Sq43:K>�BnS�>;S�`�7*9Xp#9;�¢> Pgf 962�I�Sq@DA?UX9;@*5,TRS�S32�TRS;U6T*96V�TRSq^�7�W�5�0R� A�^�7�W\i
5�0R���

f(x) = 2x, x2, x3, ex, ex + x?
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x(0) = x0 ∈ U. L���O
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ϕ(t, x0)

>?9;I�S�4 d VR>;S
ϕ(0, x0) = x0. L���O

/1062�465 @�TRS P 2o9_S�`�S;U6T*96V*9?>�B'>?9;I�S�4m7R43��43T�@R4�VR437R4KU x(t, x0)
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�� r� b<>;S�5 : f 0RV*9?4 ϕ(t, x0) : I → Rn S�^�7R4j2�4 f W�4<>z2 f W�2�@�Y�Y 437R43T�[�@*9 f B�TRS P S0R7*9;A�TR43T�@\W LNM6O �	�3��y?uX��� wK{���uX��� 7R43��43T�@\W d �;u?��� vj}��ov d xZ{\��vjw�xzy|{��
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x(t, x0)
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x(t + c, x0)
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ϕ(t, x) : I → Rn d S�^�7R4j2�4 f k43T�TRS P S�2 f W A�:K4j�
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U Q ^RS f 0R^�7�W�5=9XW x > 0 d 9 A;43IR>;S�7�TRS�4�^RS f 4'S�^�7R4ji2�4 f W�4<>�:gW YZ0RT�I�[�@R43] f(x) = kx

:�I�S�b3Y�Y�@�[�@R43TR>;S�5 ^�7RS�^RS�7�[�@RS�T*9 f B�TRS�:K>�@
k > 0 r E�@�Y�Y 437R43T�[�@*9 f B�TRS�4#0R7*9;A�TR43T�@R4qUX9;^�@���4<>�:gW�AtA�@�2�4 ẋ = kx

@�7R43��4ji
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t = 0
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‖f(x)− f(y)‖ ≤ L‖x− y‖2 f W�TR43I�S�>;S�7RS P S L < ∞ d P 2�4 L
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ẋ = 1 + x2
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� 9;I�@*5�S�`�7*9XU3S�5 d ��S�>3Wz:j0 ��43:K>�A?0�4<>H5,TRS P SZ0R7*9;A�TR43T�@�] d 2 f WzI�S�>;S�7�a ��7R43��4jiT�@R4Z:j0 ��43:K>�A?0�4<>�2 f WDA�:K4j� t > 0 d >;S�43:K>�B�A;S�A�:K465 A�7R465�43T�@ Pgf S�`�9 f B�TRS d 5,a TR45�S6pq46580\>�A;437�p#2o9?>�Bmb<>;S P Sz2 f W�^�7RS�@\U6A;S f B�TRS�] UX962o9;T�TRS�]�:<@�:K>;465,a CFEHG�`�4KU

2�S�^RS f T�@R>;4 f B�TRS P SD@�:<: f 4j2�S�A�9;T�@\W r
��� %�� $ ����� !  � ��������� �����������  ����� '
	���!	� �R��� - �������������������R�

� 9Xp�T�aF]�I f 9;:<:�7R43�q43T�@�] 2�@�Y�Y 437R43T�[�@*9 f B�T�a ��0R7*9;A�TR43T�@�]�:KS�:K>?9;A f W*�¢>~�y���y � vj}*�\� {\��uX}�y?u;vK�K�\�%@ f @ }�vj~�y6�;uX� ��}� ±v�xzy6�\w�� r *Z43^RS32�A�@\p�T�a½4�>;S�V�I�@
xs
S�^�7R4j2�4 f W*�¢>�:gW'I�9;I'T\0 f @'A;43IR>;S�7�TRS P S�^RS f W f(x)

�

f(xs) = 0.

% >;S�-ovN���3� xZ{\��vjw�xzy|{��\� d >?9;I'I\9;I x(t) = xs
2 f W'A�:K4j� t

S�>
−∞

2�S
+∞ r*Z43^RS<2�A�@\p�T*9XWq>�S�V�I�9

xs
T*9XU6aFA�9?4<>�:gWm���Kxzy6�*�\��u?y6�m~�y +��*~*��}�y?uX� d 43: f @ f �Fi`�S�4'7R43��43T�@R4 :_` f @\U6I�@*5,@8T*96V*9 f B�T�a�5,@%2o9;T�T�a�5,@ L @ f @ d VR>;S�>;S pq4':39�5�S�4 du?yK�6���('�vj}*}�y?vt�;uX� � vj}*��v O A�:K4DA�7R465�WcS�:K>?9?4<>�:gWc` f @\U6I�@*5 I

xs d >;S�43:K>�B 2 f WI\9Xp#2�S�]%S�I�7R43:K>�TRS�:K>�@
V
>;S�V�I�@

xs
@\U

U
:j0 ��43:K>�A?0�4<>�S�I�7R43:K>�TRS�:K>�B

V1 ⊂ V>?9;I\9XW d VR>;S f �¢`�S�4�7R43��43T�@R4 x(t, x0)
:
x0 ∈ V1

S�^�7R4j2�4 f 43TRS�@ f 4Kp�@R>zA V
2 f WA�:K4j�

t > 0 r �,: f @ d I�7RS�5�4z>;S P S d V1
5�S6p�TRS�A�a `�7*9?>�B >?9;I d VR>;S x(t, x0) → xs^�7�@

t→∞ d >;S xs
T*9XU6aFA�9;�¢>��;�K�\��~*xzy6x��*��vK�Kw�� ���Kxzy6�*�\��u?y6��~�y +��*~*��}�y?uX�

L :35 r�� @�: r
��Oer
� �?�?�?�R� �Rr�£ S�I\9Xp�@R>;4 d VR>;SDTR43^RS32�A�@\p�T�a½4n>;S�V�I�@ S�`�43@�� :<@�:K>;465

(a) ẋ = y, ẏ = −x; (b) ẋ = y, ẏ = −x− y

0�:K>;S�]�V�@�A�a r"� 9;I\9XW @\UnT�@���9;:<@*5,^R>;S�>�@�VR43:<I�@_0�:K>;S�]�V�@�A�9��
C ^�7R4j2�4 f 43T�T�a½4 A�aF��4Z^RS�T\W�>�@\WD0�:K>;S�]�V�@�A;S�:K>�@'��y6w��3�
	�}�  ^RS#:<A;S�43]�^�7�@�7RS?i2�4���S�T�@t:<A?WRUX9;T�a f @��qBq:Z^RS�A;4j2�43T�@R465c7R43��43T�@�]DA;` f @\U6@mTR43^RS32�A�@\p�TRS�]m>;S�V�I�@

xs r Eq9Xpq4Z43: f @�>?9;I�@R4 7R43��43T�@\WDS�:K>?9;�¢>�:gW_A;SqA�7R465�43T�@�S P 7*9;T�@�VR43T�T�a�5,@ d 2�7\0�iP @R4n7R43��43T�@\W'5�S P 0\> Pgf S�`�9 f B�TRSz@ TR4n:j0 ��43:K>�A;S�A�9?>�B r
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xs

� �?�?�?�R� �*r *�9;]�2�@R>;4ZTR43^RS32�A�@\p�T�a½4 >;S�V�I�@�2 f W�0R7*9;A�TR43T�@\W ẋ = −x+x2 @DA�a iW*:<T�@R>;4 @��D0�:K>;S�]�V�@�A;S�:K>�B r�£ S�I\9Xp�@R>;4 d VR>;S#b<>;S�0R7*9;A�TR43T�@R4¢2�S�^\0�:<I\9?4<>#T*9;7�WR2*0: 7R43��43T�@\W�5,@ d :j0 ��43:K>�A?0R���q@*5,@m^�7�@ f �¢`�S�5cA�7R465�43T�@ L 2 f WtA�:K4j� t > 0 Oed >?9;I�ipq4n7R43��43T�@\W d I�S�>;S�7�a½4�:K>?9;TRS�A?W�>�:gW'TR4<S P 7*9;T�@�VR43T�T�a�5�@_UX9#I�S�TR43V�TRS�4nA�7R465�W r
# - !�������� �'� % - !������(' E f W >;S P S d VR>;S�`�a ^RS�I\9XUX9?>�B S P 7*9;T�@�VR43T�TRS�:K>�B x(t)2 f W�A�:K4j� t > 0

@#A�:K4j�qT*96V*9 f B�T�a ��2o9;T�T�a � x(0) d 5�S6p�TRSH@�:<^RS f B?U3S�A�9?>�B�5�4<>;S32YZ0RT�I�[�@�]���W*^\0RTRS�A�9 d :<A?WRUX9;T�T�aF]m: ^RS�:K>�7RS�43T�@R465%TR43I�S�>;S�7RS�]_A;4 f @�V�@�T�a >�@�^*9b3TR437 P @�@�@ f @�7*9;:<:K>;S6W*T�@\W d 0\`�a½A�9;����43] 2 f W 2�S�:K>?9?>;S�V�TRSt`�S f B��q@�� U6T*96VR43T�@�]
|x| r � A�@�2*0�>?9;I�S�]�^RS f 4KU6TRS�:K>�@ 2o9;T�TRS P S 5�4<>;S32o9 d 5,a�I�7*9?>�I�S S�^�@���465_4 P S r�% >;S�>5�4<>;S32 ^�7R4j2�^RS f 9 P 9?4<>�S�>�aF:<I\9;T�@R4 TR43I�S�>;S�7RS�] ^RS f S6p�@R>;4 f B�TRS8S�^�7R4j2�4 f 43T�TRS�]YZ0RT�I�[�@�@

V : U → Rn T*9XU6aFA�9?465�S�]t�1��}*w(-���vj� +��*~*��}�y?u?� d I�S�>�S�7*9XWq0\`�aFA�9?4<>AX2�S f B�>�7*9?43IR>;S�7�@�] 2�@�Y�YZ437R43T�[�@*9 f B�TRS P S�0R7*9;A�TR43T�@\W r
) ����(�������� ' £ 0�:K>�B xs Q TR43^RS32�A�@\p�T*9XW >�S�V�I�9 :<@�:K>;465,a LNM6Oed V : W → R

Q 2�@�Y�Y 437R43T�[�@�7\0�465=9XW YZ0RT�I�[�@\W d S�^�7R4j2�4 f 43T�T*9XW%A�TR43I�S�>;S�7RS�]�S�I�7R43:K>�TRS�:K>�@
W ⊆ U

>;S�V�I�@
xs
>?9;I\9XW'VR>;S
�

L i O V (xs) = 0
@
V (x) > 0

2 f W x 6= xs �L ii O V̇ (x) ≤ 0
A�S�I�7R43:K>�TRS�:K>�@

W \ {xs}
:HA�aFI�S f S�>;S�]'>;S�V�I�S�] xs r� S P 2o9#TR43^RS32�A�@\p�T*9XW'>;S�V�I\9 xs

0�:K>;S�]�V�@�A�9 r/±S f 4<4 >;S P S d 43: f @ L iii O V̇ (x) < 0
A
W \{xs} d >;S�>;S�V�I\9 xs

9;:<@*5,^R>;S�>�@�VR43:<I�@
0�:K>;S�]�V�@�A�9z^RS���W*^\0RTRS�A?0 r
� 2�43:<B

V̇
^�7R4j2�:K>?9;A f W�4<>�:KS�`�S�] ^�7RS�@\U6A;S32�T\0R�¡^RS

t
S�>�YZ0RT�I�[�@�@

V (x)
AX2�S f B7R43��43T�@\W

x(t)
:<@�:K>;465,a LNM6O �

V̇ =
n
∑

j=1

∂V

∂xj
· ẋj =

n
∑

j=1

∂V

∂xj
· fj(x).
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�,: f @.A 0�: f S�A�@�@ L iii O 5�S3p�TRS�A�a½`�7*9?>�BcAcI�96VR43:K>�A;4'S�I�7R43:K>�TRS�:K>�@ W
A�:K4

5,TRS6pq43:K>�A;S
U
@ f @ A�:K4H^�7RS�:K>�7*9;T�:K>�A;S Rn d >;S�TR43^RS32�A�@\p�T\0R� >;S�V�I\0

xs
T*9XU6a i

A�9;�¢>��N��yX�e�3�
	�}�y_�;�K�\��~*xzy6x��*��vK�Kw��c���Kxzy6�*�\��u?y6� rl� S P 2o9DA�:K4q7R43��43T�@\W�S�:K>?96i�¢>�:gW S P 7*9;T�@�VR43T�T�a�5,@'@ ^�7�@R` f @\p�9;�¢>�:gW�I xs
^�7�@

t→∞ r
£ S�:K>�7RS�43T�@R4 YZ0RT�I�[�@�@ ��W*^\0RTRS�A�9�^RS;U6A;S f W�4<>¢^�7RS�A;437�@R>�B¢0�:K>;S�]�V�@�A;S�:K>�BZ^RS?if S6pq43T�@�]H7*9;A�TRS�A;43:<@\WH@ S P 7*9;T�@�VR43T�TRS�:K>�B�7R43��43T�@�] 2�@�Y�Y 437R43T�[�@*9 f B�T�a ��0R7*9;AXiTR43T�@�] d YH9;IR>�@�VR43:<I�@ d `�4KU W*A�TRS P SnS�^�7R4j2�4 f 43T�@\Wm7R43��43T�@�] r �ZS�>3WtTR4Z:j0 �q43:K>�A?0�i4<>cS�`��q@�� 5�4<>;S32�S�AcS�>�aF:<I\9;T�@\W YZ0RT�I�[�@�] ��W*^\0RTRS�A�9 d A�UX962o93V*96� 5�4j��9;T�@�I�@2�S�A;S f B�TRS�V*9;:K>;S�>?9;I�S�]�Y 0RT�I�[�@R43] W*A f W�4<>�:gW_b3TR437 P @\W r

	'(�������( ' � 9;:<:35�S�>�7�@*5¡2�A�@\pq43T�@R4%V*9;:K>�@�[�a 5=9;:<:<a
m d ^�7�@�I�7R43^ f 43T�TRS�] I

^�7\0�p�@�TR4'pq43:K>�I�S�:K>�@
k(x + x3) d P 2�4 k > 0

@
x Q :35�4 ��43T�@R4_V*9;:K>�@�[�a S�>Xi

TRS�:<@R>;4 f B�TRSn^RS f S6pq43T�@\W�7*9;A�TRS�A;43:<@\W r;� S P 2o9 2�@�Y�Y 437R43T�[�@*9 f B�TRS�4F0R7*9;A�TR43T�@R4 dS�^�@�:<aFA�9;����4<4Z2�A�@\pq43T�@R4�V*9;:K>�@�[�a d @*5�4<4<>zA�@�2
mẍ+ k(x+ x3) = 0.

£ S f 9 P 9XW ẋ = y d ^�7�@���S<2�@*5 I�:<@�:K>;465�4 2�A?0���2�@�Y�Y 437R43T�[�@*9 f B�T�a �#0R7*9;A�TR43T�@�] �

ẋ = y, ẏ = −
k

m
(x+ x3). L ��O

� S�S�>�A;4<>�:K>�A?0R���#9XW'S�`���9XWtb3TR437 P @\W :<@�:K>;465,a E(x, y)
@*5�4<4<>zA�@�2

E(x, y) =
my2

2
+ k

(

x2

2
+

x4

4

)

.

� 9�5�4<>�@*5 d VR>;S E(x, y)
W*A f W�4<>�:gWDYZ0RT�I�[�@R43] ��W*^\0RTRS�A�9 2 f Wm:<@�:K>;465,a L ��Oed >?9;II\9;I

E(0, 0) = 0
Az4j2�@�T�:K>�A;43T�TRS�5.^RS f S6pq43T�@�@'7*9;A�TRS�A;43:<@\W (xs, ys) = (0, 0)

@
E(x, y) > 0

2 f W (x, y) 6= (0, 0) r � 7RS�5�4�>;S P S d @*5�4<465
Ė = myẏ + k(x+ x3)ẋ = −ky(x+ x3) + ky(x+ x3) ≡ 0.

£ S�b<>;S�5�0#:K>?9;[�@RS�T*9;7�T*9XWz>�S�V�I�9 L ^RS f S6pq43T�@R4¢7*9;A�TRS�A;43:<@\W O TR43]R>�7*9 f B�TRS�0�:K>;S�]�iV�@�A�9�@%W*A f W�4<>�:|W [R43TR>�7RS�5 d >;S 43:K>�B A�:K4t>�7*9?43IR>;S�7�@�@.A�4<4tS�I�7R43:K>�TRS�:K>�@%UX96i5,I�T\0\>�a r � f 4j2�S�A�9?>;4 f B�TRS d A�:K4H7R43��43T�@\W_S P 7*9;T�@�VR43T�a r�,: f @�A�:<@�:K>;465�4H0RV�@R>�aFA�9?>�BmA?WRU6I�S�4n>�7R43T�@R4q:nI�S�b3Y�Y�@�[�@R43TR>;S�5 α > 0 d >;S0R7*9;A�TR43T�@\Wt2�A�@\pq43T�@\W L ��O ^�7�@*5�0\>DA�@�2

ẋ = y, ẏ = −
k

m
(x+ x3)− αy. L���O

� S P 2o9n2 f W >;S�]_pq4n:39�5�S�] YZ0RT�I�[�@�@ �HW*^\0RTRS�A�9#^RS f 0RV*9?465
Ė = −αmy2.
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% >?9 A;4 f @�V�@�T*9%S�>�7�@�[*9?>;4 f B�T*9�2 f W A�:K4j�
(x, y) 6= (0, 0) d @�:<I f � V*9XW S�:<B x r

£ S�^�7RS�`;0�465 : f 4 P I\9#@\UX5�43T�@R>�BzYZ0RT�I�[�@�� ��W*^\0RTRS�A�9 d ^RS f 9 P 9XW

V (x, y) =
my2

2
+ k

(

x2

2
+

x4

4

)

+ β

(

xy +
αx2

2

)

.

� S P 2o9
V̇ = (my + βx)ẏ + k(x+ x3)ẋ+ β(y + αx)ẋ =

= −β
k

m
(x2 + x4)− y2(αm− β).

� 43^R437�B d 43: f @ A�a½`�7*9?>�B β
2�S�:K>?9?>;S�V�TRSh5=9 f a�5 d 0 < β < αm d >;S V (x, y)S�:K>?9?4<>�:gWt^RS f S3p�@R>�4 f B�TRS#S�^�7R4j2�4 f 43T�TRS�] d 9H4<4Z^�7RS�@\U6A;S32�T*9XW V̇

`;062�4<>�S�>�7�@�[*96i
>;4 f B�TRS S�^�7R4j2�4 f 43T*9'2 f W.A�:K4j� (x, y) 6= (0, 0) r,� 9;I�@*5 S�`�7*9XU3S�5 d ^RS f S6p�43T�@R47*9;A�TRS�A;43:<@\W

(0, 0) Q Pgf S�`�9 f B�TRSD9;:<@*5,^R>;S�>�@�VR43:<I�@_0�:K>;S�]�V�@�A;SD^�7�@ α > 0 rE�@�Y�Y 437R43T�[�@�7\0;WnYZ0RT�I�[�@��
V
AX2�S f BF7R43��43T�@\WZ2�@�Y�Y 437R43T�[�@*9 f B�TRS P SF0R7*9;AXiTR43T�@\W d 5,a ^�a½>?9?465,:gW.^�7RS�A;437�@R>�B d VR>;ScA�:K4_>�7*9?43IR>;S�7�@�@ ^R437R43:K43I\9;��> f @�T�@�@0R7RS�A�T\W'YZ0RT�I�[�@�@

V � :<T*9;7\0�p�@'A�T\0\>�7�B � r
� @�:j0RTRS�I f @�T�@�]�0R7RS�A�T\W�YZ0RT�I�[�@�@ E

@�5�S<2�@�Y�@�[�@�7RS�A�9;T�TRS�] YZ0RT�I�[�@�@
V2 f Wc2o9;T�TRS P S ^�7�@*5�437*9�^RS�I\9XU6aFA�9?4<> d VR>;S�0�YZ0RT�I�[�@�@ V

S�T�@ : f 4 P I�9�T*9;I f S?iTR43T�a d >?9;I�VR>;StA;43IR>;S�7�TRS�4q^RS f 4�T�@ P 2�4�@���TR4�I\9;:39?4<>�:gW d >;S P 2o9�I\9;I_2o9Xpq4q^�7�@T*9 f @�V�@�@�>�7R43T�@\W�A;43IR>;S�7�TRS�4D^RS f 4�I\9;:39?4<>�:gW f @�T�@�] E = ��������� T*9tS�:<@ y = 0

L :35 r�� @�: r ��Oer
� �?�?�?�R� �\r # :<^RS f B?U<0�W_YZ0RT�I�[�@�� ��W*^\0RTRS�A�9

V =
1

2

(

x2 + σy2 + σz2
)

,

^RS f 0RV�@R>�Bz0�: f S�A�@\W'T*9 σ d ρ @ β d 2�S�:K>X9?>;S�V�T�a½4H2 f W�9;:<@*5,^R>;S�>�@�VR43:<I�S�] 0�:K>;S�]�iV�@�A;S�:K>�@'T*96V*9 f 9�I�S�S�7�2�@�T*9?> (x, y, z) = (0, 0, 0)
Az:<@�:K>;465�4 �HS�7R43T�[*9

ẋ = σ(y−x), ẏ = ρx−y−xz, ż = βz+xy, σ > 0, β > 0, ρ > 0.
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��A f W*�¢>�:gW f @_b<>�@_0�: f S�A�@\W TR4<S�`3��S32�@*5,a�5,@��
�HS�I�9 f B�T\0R� >;4<S�7R465�0 :j0 ��43:K>�A;S�A�9;T�@\W�@ 4j2�@�T�:K>�A;43T�TRS�:K>�@c7R43��43T�@\W UX962o96i

V�@ � S��q@D5�S6p�TRSH2�S�^RS f T�@R>�Bn0\>�A;437�p#2�43T�@R465�SnUX9;A�@�:<@*5�S�:K>�@�7R43��43T�@\W�S�>�T*96iV*9 f B�T�a �t2o9;T�T�a � r
) ����(�������� r�£ 0�:K>�B�5�TRS6pq43:K>�A;S U ⊆ Rn S�>�I�7�a½>;S d 9�Y 0RT�I�[�@\W f : U → RnW*A f W�4<>�:gW f @�^���43[R43A;S�] :�I�S�T�:K>?9;TR>;S�] L rF£ 0�:K>�B y(t) d z(t) Q 2�A�9%7R43��43T�@\W0R7*9;A�TR43T�@\W

ẋ = f(x)
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|y(t)− z(t)| ≤ |y(t0)− z(t0)| · e
L(t−t0).
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