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T 2 = S1 × S1 =
{

x ∈ R4 : x2
1 + x2

2 = C, x2
3 + x2

4 = D
}
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ϕ1
u ϕ2 (mod 2π)

3
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ϕ1

@
ϕ2
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T 2
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�k;=;96=E%@/G�TJQ=V
ϕ1

@
ϕ2

:�;CNOG?;(G�TUACVWB9TJQ=r�ZJfi�%�ifCe!fC�[@��1�DahfCe!fC��3��,TD6?QJI�QD;96�T
T 2

:�;CNOG?;�@AH;=l96�TUAC@?Q=r�G�T�M/B9TCE%6�TJQD<
0 ≤ ϕ1 ≤ 2π, 0 ≤ ϕ2 ≤ 2π

>m�;9PXM�;9PRQ=@
(ϕ1, ϕ2)

u PXMm�<H@/B�QD;9o/M/@ (ϕ1, 0)
P
(ϕ1, 2π)

@
(0, ϕ2)

P
(2π, ϕ2)

3x�L;CNOG?;&QJTDMNq<
PXo/@?QJTJQ=r�M�TD6?Q=;9S�B=PXvn>m�;9PXM�;9PRQ=r u G?;!QD;9�gEhTtQD;9o/MT1QD;96�T1lDICE�<XQO@�:�<XQ=r1l=<HPXM�;9G?<Ho/G?;=<
o/@/PFm�;O@AH;=l96�TUNy<HG/@/S�G�T1MTD6?QD<���PH:{3%|�@/P=3��=��3
�tTUAH;9B=VWS�>?;=QD;9M�PX@/PRQD<C:�V

ẋ1 = −ω1x2, ẋ2 = ω1x1,
���C�

ẋ3 = −ω2x4, ẋ4 = ω2x3
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ϕ1 ¡
>?;Dm/8�6/G/VWS�I?�R;Dm�G�Tt>m�;9PXM�;9PRQ=@

(x1, x2)
u ;=Q=PXo/@?Q=VWB9TJ<C:�VWSs;=Q

;96?QJT
x1

M�;96?QJI
x2
u QD;OPR;9�Ym%TDPXG?;s���C� ϕ̇1 = ω1

3?¢kG�TUm�;9�X@/o/G?; u ;=Q=PXo/@?Q=VWB9TU8 ϕ2

;=Q
x3M

x4
u >?;Dm/I?o�TJ<C: ϕ̇2 = ω2
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��� Z ������� 3%5k;9MTUNO@?QD< u o?QD; u E�<HS/PRQ=B=@?QD<Rm�r=G?; u ϕ̇1 = ω1

@
ϕ̇2 = ω2
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ϕ̇1 = ω1, ϕ̇2 = ω2.
��
9�
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j7@/PFm%T
ω1

@
ω2

G�TUACVWB9TDv�Q=PY8 a ��� ��fCc � ���9c�f�c%_�� � \U���R�^,d�^,� u <HPFm�@ @A�6�TDBD<HG/PRQ=B9T
k1ω1 + k2ω2 = 0

P��?<Rm�V}:�@
k1

@
k2

PFm�<FE�I9<XQ
k1 = k2 = 0

3��,TD>/6/@�:�<H6 u √2 @ √86�T �/@?;9G�TUm�r=G?;!AUTDB=@/PX@�:�V u T √6 @ √8 G?<XQC3

!4��������*,�	3� �PFm�@
ω1

@
ω2

6�T �/@?;9G�TUm�r=G?;(AUTDB=@/PX@�:�V u QD;�B=PY8�MTU8 ��TUAH;9B9TU8�M/6/@/B9TU8
�"
9�,G�TsQD;96?<OAUT=:�M/GIQJT?3� �PFm�@[Ny<

ω1

@
ω2

6�T �/@?;9G�TUm�r=G?;�G?<RAUTDB=@/PX@�:�V u QD;�B=PY8�MTU8
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α u G?<HPR;9@AU:�<H6/@�:�VWS1P 2π 3�	;9��EhTt;=l96�TUACV m�v�l=;9SLQD;9o/M/@ G�Tt;9M/6I�NOG?;9PRQ=@ >/6/@s>?;9BDQD;96?<HG/@/@ >?;9BD;96?;=QJT

ϕ, ϕ+ α, ϕ+ 2α, ϕ+ 3α, . . . (mod 2π)
;=l96�TUAXI?v�Q�:�G?;CNy<HPRQ=BD; u B=PXv E�IL>m�;=Q=G?;=<qG�Tt;9M/6I�NOG?;9PRQ=@#3
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k
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k+1
>/6?<FEh:�<XQ u QD;�K�;=QH8�l9V

B1;HE%G?;�: 8�wy@/M�<,l=;Dm�r=pq<,;HE%G?;9�R;O>/6?<FEh:�<XQUT?3

|�TUARE�<Rm�@�:~;9M/6I�NOG?;9PRQ=r2G�T
k
6�TDB=G/V K >?;Dm/I?@/G?QD<H6/B9TUm�;9B

Ir =
[

2π r
k
, 2π r+1

k

) u
r = 0, 1, . . . , k− 1 u MTUNtE%VWS�E�m�@/G?;9S 2π/k 3�5k;1>/6/@/G	�/@/>I�8�wy@/M�;9BtPX6?<FE%@�>?<H6/B=V K
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QD;9o?<HM�G�TDpq<HS�>?;9PFm�<FE�;9B9TJQD<Rm�r=G?;9PRQ=@�<HPRQ=rs�OQD;9o/M/@(B�;HE%G?;�:2>?;Dm/I?@/G?QD<H6/B9TUm�<
Ir

3 5xI�PRQ=r.-XQD;�QD;9o/M/@
ϕ + pα

@
ϕ + qα u p > q u QD;�<HPRQ=r�PXG�TCo�TUm%TOQD;9o/MT�>?;9>�TCEhTJ<XQB(>?;Dm/I?@/G?QD<H6/B9TUm
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Ir
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9��3/0kl=;DACG�TCo/@�: o?<H6?<RA
s = p − q

3/1 m�<FE�;9B9TJQD<Rm�rUz
G?; u I?�R;Dm�>?;9BD;96?;=QJT sα

;=QHm�@/o�TJ<XQ=PY8 ;=Q(M/6�TJQ=G?;9�R;
2π

:�<HG/r=pq< u o?<C: G�T
2π/k u @ B>?;9PFm�<FE�;9B9TJQD<Rm�r=G?;9PRQ=@sQD;9o?<HM

ϕ, ϕ+ sα, ϕ+ 2sα, ϕ+ 3sα, . . . (mod 2π)
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MTUNtE%V{<`E%BD<qPR;9PR<FE%G/@?<`QD;9o/M/@ ;=Q=PRQD;C8/Q�G�T!;XE%@/G�TDM�;9BD;=<y6�TDPXPRQD;C8�G/@?< u :�<HG/r=pq<X<`o?<C:
2π/k

3+5xI�PRQ=rOEhTDG?;
ε > 0

3�� V{l96�TDB
k
E�;9PRQJTJQD;9o/G?;sl=;Dm�r=py@�: u :�V :�;CNy<C:2PgE�<Rm%TJQ=r

2π/k < ε
3	��;9�gEhT�B�m�v}l=;9S

ε
z ;9M/6?<HPRQ=G?;9PRQ=@�m�v�l=;9S�QD;9o/M/@

S1
<HPRQ=rsK9;=QH8�l9V ;HE%G�T

QD;9o/MT!>?;9PFm�<FE�;9B9TJQD<Rm�r=G?;9PRQ=@

ϕ+Nsα (mod 2π)
��PH:{3�|�@/P=3 ����3 !�<C:):)T�E�;9MTUAUTDG�T?3

��� ^`_ ��� c��%_F3 �sV.G?<L@/PX>?;Dm�rJAH;9B9TUm�@ G?<HPR;9@AU:�<H6/@�:�;9PRQ=@
α
P
2π
3 �L<RNtE�I�QD<C: ;9o?<Fz

B=@�E%G?; u o?QD;�>/6/@ α u PR;9@AU:�<H6/@�:�;�:�P 2π u m�<C:):)T1G?<HBD<H6/G�T?3

)�f ( � � � eO_���� �ReO\Jf!eO_Rfga _�^,d)3�|+<Hpy<HG/@?<7I?6�TDB=G?<HG/@8��"
9�4@�:�<X<XQ!B=@�E

ϕ1(t) = ϕ1(0) + ω1t, ϕ2(t) = ϕ2(0) + ω2t.
�"���

5xI�PRQ=r
ω1

@
ω2

6�T �/@?;9G�TUm�r=G?;!AUTDB=@/PX@�:�V�#

k1ω1 + k2ω2 = 0, k2
1 + k2

2 6= 0.
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|�TDPXPH:�;=Q=6/@�: I�PFm�;9B=@?<`>?<H6/@?;XE%@/o/G?;9PRQ=@LE�m/8��kI?G/M	�/@/S
ϕ1(t)

@
ϕ2(t)

#

ϕ1(T ) (mod 2π) = ϕ1(0), ϕ2(T ) (mod 2π) = ϕ2(0),

@m�@ u o?QD;OQD;!Ny<`PHT=:�;=< u

ω1T = 2πm, ω2T = 2πn,
���=�

�gE�<
m
@
n ¡ �?<Rm�V{<93��xA��"���4@����=�4PFm�<FE�I9<XQ u o?QD;

k1m+ k2n = 0.

�k<{;9�X6�TDG/@/o/@/B9TU8t;=l9wyG?;9PRQ=@ u lDICE�<C:�>/6?<FE%>?;Dm%TD�FTJQ=r u o?QD; k2 > 0
3 0kQ=PXv EhT7>?;Dm/I?o�TJ<C:

o?QD;!I?6�TDB=G?<HG/@8����=�4>/6/@
m = k2

u T n = −k1

;=Q=G?;9PX@?QD<Rm�r=G?;
T

ω1T = 2πk2, ω2T = −2πk1

PR;9B9:�<HPRQ=G/V,3���Ks6?<Hpq<HG/@?<

T =
2πk2

ω1

= −2πk1

ω28�BJm/8/<XQ=PY8s>?<H6/@?;HE�;�: AUT=:�M/GIQD;9S�M/6/@/BD;9S��"����3
5xI�PRQ=r

ω1

@
ω2

6�T �/@?;9G�TUm�r=G?;�G?<RAUTDB=@/PX@�:�V,3)��;9�gEhT
ω1/ω2 ¡ @/6/6�T �/@?;9G�TUm�r=G?;=<o/@/PFm�;�3/|�TDPXPH:�;=Q=6/@�:�>?;9PFm�<FE�;9B9TJQD<Rm�r=G/V{<kQD;9o/M/@�>?<H6?<HPR<Ho?<HG/@8���TUAH;9BD;9S�M/6/@/BD;9S(�"���

P`:�<H6/@�E%@�TDG?;�:
ϕ1 = 0 (mod 2π)

3 � @/6?;=Q=V -XQ=@�KsQD;9o?<HMLlDICE�IQ

ϕ2,k = ϕ2,0 + 2π
ω2

ω1

k (mod 2π).

1 ;9�Ym%TDPXG?; !�<C:):�< u :�G?;HNy<HPRQ=BD;�QD;9o?<HM >?<H6?<HPR<Ho?<HG/@8�B=PXv E�I�>m�;=Q=G?;�G�TO:�<H6/@�E%@�TDG?<93
� T=:�<XQ=@�: u o?QD;s>/698�:�V{< u >/6?;9BD<FE�<HG/G/V{<1@AtQD;9o?<HM[:�G?;CNq<HPRQ=B9T u B=PXv E�I�>m�;=Q=G?;9�R;sG�T
>/698�:�;9S u m�<RNtTDwq<HSqB}>m�;9PXM�;9PRQ=@ u >?;xG�TD>/6�TDBJm�<HG/@/v u G?< PR;9B=>�TCEhTDvxwq<C:�I,P G�TD>/6�TDBJm�<Fz
G/@?<C:�-XQD;9S`>/698�:�;9S u ;=l96�TUAXI?v�Q�B=PXv E�I,>m�;=Q=G?;=<{:�G?;HNy<HPRQ=BD;xG�T}>m�;9PXM9;9PRQ=@#3J5k; -XQD;�:�I
;=QD;=l96�TUNy<HG/@?<

ϕ1(t) = ϕ1(t)− 2π
[

ϕ1(t)

2π

]

, ϕ2(t) = ϕ2(t)− 2π
[

ϕ2(t)

2π

]

,

��TUAH;9BD;9SsM/6/@/BD;9S��"���4G�T1M/B9TCE%6�TJQD<

0 ≤ ϕ1 < 2π, 0 ≤ ϕ2 < 2π

B=PXv E�I�>m�;=Q=G?;�3��kQUTDM u ��TUAH;9B9TU8�M/6/@/B9TU8�I?6�TDB=G?<HG/@8(�"
9� @ u ACG�THo/@?Q u I?6�TDB=G?<HG/@/S(���C��z
���=� u B=PXv E�IL>m�;=Q=G�T!G�TtQD;96?<93
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� ICE�<C:��R;9BD;96/@?Q=r u o?QD;O;=QD;=l96�TUNy<HG/@?< f : I → I
;=lDm%TCEhTJ<XQOPXBD;9S/PRQ=B9T=:�@ #

(i)
� ]�\��ReO\U��eO_����9c � % � � \U���R�^�f �Re��LfCe c ����� ����c�d/+[] ����fJ\U��� u

<HPFm�@�PFI?wq<HPRQ=BJI9<XQ
δ > 0

QJTDM�;=< u o?QD;�E�m/82B=PR<FK x ∈ I
@ m�v�l=;9�R;�@/G?QD<H6/B9TUm%T

J uPR;HE�<H69N1TDwq<H�R;1QD;9o/MI
x (x ∈ J) u PFI?wq<HPRQ=BJI?v�Q y ∈ J

@
n > 0

QJTDM/@?< u o?QD;
|fn(x)− fn(y)| > δ u
(ii)

e!f $�fi��fJ�Y� � _ � ( � %[eka � c �=�/e1�%\Uc�f �Re�� #
<HPFm�@�E�m/8�m�v�l=;9Ss>�TD6/V ;=Q=M/6/V{Q=V K�:�G?;CNq<HPRQ=B

A, B ⊂ I
PFI?wq<HPRQ=BJI9<XQ

n > 0
QUTDM�;=< u

o?QD;
fn(A) ∩B 6= Ø u

(iii)
$%_ba _�^`_F�1�%\ � c��%_ u

<HPFm�@�E�m/8ym�v�l=;9St>�TD6/V ;=Q=M/6/V{Q=V4K!:�G?;CNy<HPRQ=B
A, B ⊂ I

PFI?wq<HPRQ=BJI9<XQ
N0 > 0

QJTDM�;=< u
o?QD;1E�m/8

n > N0

B=VW>?;Dm�G8/<XQ=PY8
fn(A) ∩B 6= Ø 307o?<HB=@�E%G?; u o?QD;�;=QD;=l96�TUNy<HG/@?< u ;=lDm%TCEhTDvxwq<X<sPXBD;9S/PRQ=BD;�: >?<H6?<C:�<Hpy@/B9TDG/@8 u 8�BUz

m/8/<XQ=PY8LQD;9>?;Dm�;9�X@/o?<HPXM/@sQ=6�TDGAC@?Q=@/B=G/V�:{3

����$%����������-?������*,�����
ρ(x) ¡ >m�;=Q=G?;9PRQ=r,@?QD<H6�T �/@/St;=QD;=l96�TUNy<HG/@8 xn+1 = f(xn)

u
�gE�<

xn ∈ [0, 1] u n = 0, 1, 2, . . . G�TO<FE%@/G/@/o/G?;�:�@/G?QD<H6/B9TUm�<t@�;9>/6?<FE�<Rm/8/<XQ=PY8�PFm�<FE�I�zvxwy@�:�;=l96�TUAH;�: #

ρ(x) = lim
N→∞

1

N

N−1
∑

i=0

δ[x− f i(x0)],
��9�

�gE�<
δ[·] ¡ E�<Rm�rCQJTCzb�kI?G/M	�/@8��q@/6�TDMT?3�5k;9MTUAUTDG?; u o?QD; ρ(x)

PRQJT �/@?;9G�TD6/G�T u QD; <HPRQ=r
G?<�@AU:�<HG8/<XQ=PY8�BD;�B=6?<C:�<HG/@�>?;XE�E�<HS/PRQ=B=@?<C:�;=QD;=l96�TUNy<HG/@8

f(x) u @[8�BJm/8/<XQ=PY8�6?<Fzpq<HG/@?<C:�@/G?QD<H�X6�TUm�r=G?;9�R;1I?6�TDB=G?<HG/@8��y6?;=l=<HG/@I�PHTCz�5k<H6/6?;9G�T

ρ(y) =

∫ 1

0

δ[y − f(x)] · ρ(x)dx. ���=�

� �������9���+���������������s"#�������	�
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xn+1 = f(xn)

u �gE�< xn ∈
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C(m) = lim
N→∞

1

N

N−1
∑

i=0

x̂i+mx̂i,
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x̂i = f i(x0)− x̄, x̄ = lim
N→∞

1

N

N−1
∑

i=0

f i(x0).
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u f 2(x0), . . .
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x̂i = xi − x̄,
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x̂i+m
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C(m) =

∫ 1

0

ρ(x) · x · fm(x)dx−
[
∫ 1

0

ρ(x) · xdx
]2

.
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C(τ) = lim
t→∞

1

T

∫ T

0

Ĉ(t) ·Ĉ(t+τ)dt, Ĉ(t) = C(t)− lim
t→∞

1

T

∫ T

0

C(τ)dτ,
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